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Abstract

We derive optimal monetary policy in a heterogeneous-agent economy with nominal
frictions and aggregate shocks, considering three assumptions about fiscal policy. First, when
time-varying linear taxes on capital and labor can be optimally set, we theoretically prove that
optimal monetary policy implements price stability. This implies that monetary policy should
focus on ensuring price stability and let fiscal policy deal with redistribution. Second, using
both a sequence of simple models and a quantitatively relevant setup, we show that under a
standard calibration, the optimal inflation volatility remains low — but positive — when tax
rates are constant, and that it tends towards zero when we allow for simple time-varying
exogenous tax rates. Third, we consider a constrained-optimal fiscal policy, in which we fix
some fiscal tools and let the others be optimally set. We then find that the optimal inflation
volatility is also close to zero. In all three cases we find that fiscal policy is more efficient

than monetary policy to provide insurance against aggregate shocks.
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1 Introduction

Monetary policy generates redistributive effects through various channels, which have been
studied in a vast empirical and theoretical literature, reviewed below. However, it is not clear
how these channels should change the conduct of monetary policy. It might be possible that
monetary policy should take into account these effects to improve welfare, and thus participate in
a function that is usually the domain of fiscal policy. Or, on the contrary, monetary policy could
solely focus on monetary goals and let fiscal tools either dampen or strengthen the redistributive
effects of monetary policy. To distinguish between these two claims, one must jointly solve for
optimal fiscal and monetary policies in a realistic environment, where heterogeneity among agents
generates a concern for redistribution.

To do so, we follow the so-called Bewley (1980) literature and assume incomplete insurance
markets for idiosyncratic risks to be the main source of agent heterogeneity. This framework is
known to be general enough to generate realistic income and wealth distributions. We further add
nominal frictions, modeled as costly price adjustments. This environment has been named HANK
following the seminal paper of Kaplan et al. (2018). Thanks to a methodological contribution
explained below, we derive optimal monetary policy while considering three different assumptions
for fiscal policy.

First, we assume that fiscal policy is optimally designed, and we jointly solve for optimal
monetary and fiscal policies with commitment when five fiscal instruments are available: two
linear taxes on real and nominal capital income, a linear tax on labor income, lump-sum transfers,
and a riskless one-period public debt. We prove that optimal monetary policy then solely
implements price stability and that inflation has no redistributive role over the business cycle.
This result can be understood using the distinction made by Kaplan et al. (2018) and Auclert
(2019) between the direct and indirect channels of monetary policy. Capital taxes are sufficient
instruments for the planner to reproduce any allocation that can be reached with the direct
channels, because it affects the returns on capital. The labor tax is sufficient to replicate any
allocation reachable with the indirect effects, because it creates a wedge between labor income
and the marginal productivity of labor. Thus, linear taxes on capital and labor are sufficient to
ensure that monetary policy should solely focus on price stability and that fiscal policy alone
deals with redistribution.

Second, we deviate from the assumption of optimal time-varying fiscal policy to consider
optimal monetary policy with exogenous fiscal rules. Following the literature, we study the
optimal inflation volatility when the economy is close to its long-run equilibrium, which is called
the timeless perspective (see Woodford, 1999, for instance). As written by McCallum and
Nelson (2000), this timeless perspective is the closest notion to “optimal policy making according
to a rule”. The model must now be simulated to quantify the optimal departure from price

stability. Considering a standard calibration, we find that inflation volatility is small even when



tax rates are constant. Considering exogenous variations in tax rates, we also show that, as
expected, the volatility of the economy can be reduced further, because those tax variations
provide insurance against aggregate shocks. We also generate a more volatile inflation response
by considering a calibration with a steeper Phillips curve and a very unequal redistribution
of firms’ profits. In this case as well, simple exogenous fiscal rules reduce the volatility of the
economy (inflation, aggregate consumption, and output). To understand this result and compare
it with the literature, we provide simple models where optimal monetary policy can be analyzed
in various environments. Indeed, our general model features additional elements, such as capital,
which makes the comparison with the literature not direct. This analysis confirms both the key
role of profit distribution and of the slope of the Phillips curve for generating a sizable inflation
response and that simple fiscal rules can reduce the volatility of optimal inflation.

Third, to check the robustness of these results, we solve for the optimal monetary policy and
optimal time-varying labor tax, for a constant exogenous capital tax (instead of the exogenous
fiscal rules considered in the previous case). We show how to calibrate a specific social welfare
function, for replicating the observed US fiscal system as an optimal steady-state outcome.
Assuming an interior solution, we solve for optimal labor tax and inflation dynamics, and we
also find that optimal inflation volatility is small.

Deriving theoretical and quantitative results for optimal policies in incomplete-market
economies with aggregate shocks is a challenging task. We perform our analysis thanks to
two recent methodological contributions. First, we elaborate on the Lagrangian approach of
Marcet and Marimon (2019), which appears particularly well-suited for HANK economies. We
introduce the notion of net social value of liquidity for each agent, which considerably simplifies
the algebra and interpretation. Second, to simulate the model, we use a truncated representation
of incomplete insurance market economies that we apply here to a monetary economy. This
theory of the (uniform) truncation is first used in LeGrand and Ragot (2022a) to study optimal
unemployment benefits. We construct a consistent and accurate approximation of the economy
where heterogeneity depends only on a finite but arbitrarily large number of past consecutive
realizations of idiosyncratic risk. We also use the refinement of this truncation method, developed
in LeGrand and Ragot (2022c), which considers possiblydifferent truncation lengths and solves
the curse of dimensionality of the uniform truncation. Both methods provide quantitatively
similar results and we check their accuracy by comparing their outcomes to those of the standard
Reiter (2009) method, which is known to be close to other methods such as Boppart et al.
(2018). We also discuss empirically relevant social welfare functions, which allows us to derive the

dynamics of the model around a well-defined steady state, which can be of independent interest.

Discussion of the related literature. First, our equivalence result must be related to the five
transmission channels of monetary policy that have been identified in the heterogeneous-agent

literature (Kaplan et al. 2018, and Auclert, 2019, among others). Monetary policy has direct



effects, going through changes in real returns (Gornemann et al., 2016). The changes in returns
generate a substitution effect, already present in the representative-agent new-Keynesian model
(Woodford, 2003). Inflation also affects the real value of nominal assets, through a Fisher effect
(Doepke and Schneider, 2006). Changes in real returns generate a wealth effect due to unhedged
interest rate exposure, identified by Auclert (2019). In addition to these three direct channels,
there are also two indirect effects due to the endogeneity of labor income and to the heterogeneous
exposure to income variations (Coibion et al., 2017; Acharya and Dogra, 2021). If labor and
capital taxes are optimally designed, then the use of these channels by monetary policy does not
increase welfare. Our equivalence results have a similar flavor to that of Correia et al. (2008),
who derive equivalence results considering consumption tax in representative-agent economies
with no capital. Using alternative taxes, we prove similar results considering heterogeneous
portfolio holdings with both real and nominal assets.

This paper also connects to the literature investigating optimal policies with incomplete
markets and heterogeneous agents. A first strand of this literature relies on tractable models
featuring a simple distribution of wealth, which enables identifying the trade-offs faced by optimal

3

policies. Challe (2020) solves for optimal monetary policy in a “zero-liquidity” environment
with endogenous risk. Bilbiie and Ragot (2021) study optimal monetary policy in a tractable
model with limited heterogeneity and money. Bilbiie (2021) analyzes a no-trade equilibrium
with two types of agents. McKay and Reis (2021) solve for optimal simple fiscal rules (automatic
stabilizers) in a tractable model considering exogenous monetary policy. In a time-0 experiment,
they also find a significant deviation from price stability when fiscal instruments are missing.
A second strand of the literature analyses optimal policies with more general distributions of
wealth. This is especially true for the literature on optimal fiscal policy in incomplete-market
and heterogeneous-agent models (Aiyagari et al., 2002; Werning, 2007; Bassetto, 2014; A¢ikgoz
et al., 2018; or Dyrda and Pedroni, 2022, among others). In this strand, a couple of recent
papers study optimal monetary policy with incomplete insurance-markets. Nufio and Thomas
(2022) solve for optimal monetary policy under commitment in an economy with uninsurable
idiosyncratic risk, nominal long-term bonds, and costly inflation. They propose a methodology
based on the calculus of variation. They show that the optimal policy features inflation front-
loading that can be sizable in a time-0 problem, but that inflation volatility is reduced in a
timeless perspective. Dévila and Schaab (2022) build on this framework and solve for the
optimal monetary policy in a closed economy. They also find that the optimal deviation from
price stability is close to 0. Acharya et al. (2022) solve for optimal monetary policy using the
tractability of the CARA-normal environment without capital. They show that a countercyclical
idiosyncratic risk creates a motive for redistribution and hence for monetary policy. They focus
on a time-0 problem, and deviation from price stability remains of small magnitude in their
quantitative applications, except when the price-adjustment cost becomes very small. Smirnov
(2022) builds on the method of Nufio and Thomas (2022) to solve for the optimal monetary policy



in a setting with an occasionally binding borrowing constraint and countercyclical income risk.
Importantly, Bhandari et al. (2021b) quantitatively solve for optimal monetary and fiscal policies
in a new-Keynesian model with aggregate shocks. They report a significant deviation from price
stability at a long horizon, which is partly immune to the time-0 bias, when fiscal instruments are
missing and the initial distribution differs from the steady-state one. This result appears to be
sensitive to the calibration choices regarding the slope of the Phillips curve and the distribution
of firms’ profits. We find however that simple fiscal rules reduce optimal inflation volatility in a
similar calibration strategy. McKay and Wolf (2022) solve for the optimal monetary policy by
considering a linear-quadratic policy problem. They show that household heterogeneity adds a
term to the usual loss function due to distributional motives. Finally, Yang (2022) solves for
the optimal monetary policy by optimizing on the coefficients of a Taylor rule in a model with
three redistributive channels for inflation: an expenditure channel (households have different
consumption baskets and inflation is heterogeneous across products) and the standard Fisher and
earning channels. In this literature, our contribution is to characterize the dynamics of optimal
monetary policy in a timeless perspective, and in a setup with capital and occasionally binding
credit constraints, and with different assumptions concerning fiscal policy.

The paper is organized as follows. Section 2 presents the environment. Section 3 proves our
equivalence result. Section 4 presents the tools to simulate the general model. Section 5 reports

our quantitative results. Section 6 compares our results to the literature. Section 7 concludes.

2 The environment

Time is discrete, indexed by ¢ > 0. The economy is populated by a continuum of agents of size 1,
distributed on a segment J following a non-atomic measure ¢: J(¢) = 1. Following Green (1994),

we assume that the law of large numbers holds.

2.1 Risk

The sole aggregate shock of the economy affects the technology level. We denote this risk by
(2t)t>0, and the economy-wide productivity, denoted (Z;)¢>0, is assumed to relate to z; through:
Z; = exp(z;). The history of aggregate risk up to period ¢ is denoted 2.

In addition to the aggregate shock, agents face an uninsurable idiosyncratic labor productivity
shock y € Y. An agent ¢ can adjust her labor supply, denoted by [; ;, and earns the before-tax
hourly wage w; (which depends on the aggregate shock). Therefore, her total before-tax wage
amounts to y; ;Wl; ;. We assume that the productivity process is a first-order Markov chain
with a constant transition matrix, denoted by (myy/)y.,/. The share of agents with productivity
y, denoted by Sy, is constant and equal to: Sy = 3 ;75,55 for all y € Y. Finally, a history of
productivity shocks up to date ¢ is denoted by y*. Using transition probabilities, we can compute

the measure 6;, such that 6;(y') represents the share of agents with history 3 in period ¢.



2.2 Preferences

In each period, the economy has two goods: a consumption good and labor. Households are
expected-utility maximizers, and they rank streams of consumption (¢t):>o and of labor (I;):>0
according to a time-separable intertemporal utility function equal to >.7°, B'U(ct, l;), where
B € (0,1) is a constant discount factor and U(c,l) is an instantaneous utility function. As is
standard in this class of models, we focus on the case where U is separable in consumption and
labor and is expressed as:! U(e, 1) = u(c) — v(l), where u : Ry — R and v : Ry — R are twice
continuously differentiable and increasing. Furthermore, u is concave, with «/(0) = oo, and v is

convex.

2.3 Production

The consumption good Y; is produced by a unique profit-maximizing representative firm that
combines intermediate goods (yjf ;); from different sectors indexed by j € [0,1] using a standard
Dixit-Stiglitz aggregator with an elasticity of substitution, denoted ¢:

L =1
el
0

For any intermediate good j € [0, 1], the production y}i , is realized by a monopolistic firm and

sold at price p;;. The profit maximization for the firm producing the final good implies:

s Dit —€ 1 L i
Yir = (é) Y;, where P; = (/0 pj;sdj> .

The quantity P; is the price index of the consumption good. Intermediary firms are endowed
with a Cobb-Douglas production technology and use labor and capital as production factors. The
production technology involves that l~j,t units of labor and l%j,t units of capital are transformed
into Ztl;:;ftijl-;a units of intermediate good. At the equilibrium, this production will exactly cover
the demand y;i , for the good j, which will be sold with the real price p;;/P;. We denote as 0,
the real before-tax wage and 7€ the real before-tax net interest rate on capital — which are both
identical for all firms. The capital depreciation is denoted § > 0. Since intermediate firms have
market power and internalize it, the firm’s objective is to minimize production costs, including
capital depreciation, subject to producing the demand yjf ;- The cost function Cj; of firm j is
therefore Cj; = min[j’u,;“{(f{( + 5)]~€j7t + u?tl;t}, subject to y}it = Zt/;:]o-ftijl-;a. Denoting by (j;
the Lagrange multiplier of the production constraint, first-order conditions imply:

yft yft
P8 = (Pt and @y = (1 — o). (1)
kit jit

1Our equivalence result does not depend on this functional form. See Section 3.2 for a general function U.



The optimum thus features a common value, denoted by (;, independent of firm type j, with:

1 (ST w
Ct—Zt< o ) (1—@) : (2)

The firm j’s cost becomes then C; = Cty]’i ¢+» which is linear in the demand y}i ;. Following the

literature, we assume the presence of a subsidy 7Y on the total cost, which will compensate for
steady-state distortions, such that the total cost supported by firm j is Cty;i (1= 7). Integrating

factor price equations (1) over all firms leads to:

-1 a
1 (5 +6\" f ow \Pe 1 (i +6 @ \7°
K 1=—|[2 Y, Li=— |- < > Y;
=1 Zt< a ) <1—a> v and Ly 7 a Y CIC)

where Y; is the total production, with which (3) verifies:

(FE + 6) K1 + W Ly
Gt '

Finally, in this setup, the usual factor price relationships do not hold, but we still have:

Y, = Z K7 L =

Kt—l (6] ’UNJt
= . 5
Ly 1—aiff4+6 5)

In a real setup (featuring (; = 1 for all ¢), equations (2) and (5) fall back to the standard

definitions of factor prices: 7, + § = aZt(Ki—;l)o‘_l and w; = (1 — oz)Zt(K}:l ).

In addition to the production cost, intermediate firms face a quadratic price adjustment cost d

la Rotemberg (1982) when setting their price. Following the literature, the price adjustment cost

, 2
is proportional to the magnitude of the firm’s relative price change and equal to & ( pﬁ% — 1) Y,

where xk > 0. We can thus deduce the real profit, denoted €);;, at date ¢ of firm j:

- - _ _ 2
Dt Tt+(5>a< Wy )1 *1—7" (pj,t> : K[ Djt %
Q= - I N N R Y 6
gt (Pt ( « 11—« Zt Pt t 2 pj,t—l t t ()

where ¢} is a lump-sum tax financing the subsidy 7¥. Computing the firm j’s intertemporal profit

requires to define the firm’s pricing kernel. In a heterogeneous agent economy, there is no obvious
choice for the pricing kernel. We discuss this aspect in Section 2.7. For the moment, we assume
only that the firm’s j pricing kernel is independent of its type, and we denote it by %. With this
notation, the firm j’s program, consisting in choosing the price schedule (p;;);>0 maximizing the
intertemporal profit at date 0, can be expressed as: MaxX(p )0 Eo[>o20 Btﬁéﬂj,t]. Since this

program yields a solution independent of the firm type j, all firms in the symmetric equilibrium

will charge the same price: p;; = P;. Denoting the gross inflation rate as II; = Pi - and setting
¥ = % to obtain an efficient steady state, we obtain the standard equation characterizing the



Phillips curve in our environment:

e—1 Yit1 My
-1 E,I1 11 —1)— .
(G —1) + PEIL 11 (ITi4q — 1) Y, M

(I — 1) =

The real profit is independent of the firm’s type and can be expressed as follows:

2 = (1-G- 5 - 17) v; (8)

2.4 Assets

Agents have the possibility to trade two assets. The first one is nominal public debt, whose supply
size is denoted by B, at date t. Public debt is issued by the government and is assumed to be
exempt of default risk. The nominal debt pays off a nominal gross and pre-tax interest rate that
is predetermined. In other words, the nominal interest rate between dates ¢ — 1 and ¢ is known at
t — 1. We denote this (gross and before tax) nominal interest rate by R ;. The associated real
before-tax (gross) interest rate for public debt is R, /II;, where II; is the gross inflation rate.
Note that due to inflation, this ex-post real rate is not predetermined anymore. We denote by
b;+ the debt investment of agent i. We assume that agents face nominal borrowing constraints,
and their nominal debt holdings must be higher than —b < 0. In the rest of the paper, we will
focus on the case where the credit limit is above the steady-state natural borrowing limit.?
The second asset consists of capital shares, which pay off a (net and before-tax) real interest
rate ftK — as introduced above. We denote by k;; the share of capital held by agent . We assume

that agents cannot issue any real claim and real asset holdings must remain positive.

2.5 Government, fiscal tools and monetary policy

In each period t, the government has to finance an exogenous public good expenditure Gy, as well
as lump-sum transfers T} > 0.3 The latter transfers can be thought of as social transfers, which
can contribute to generating progressivity in the overall tax system. Heathcote et al. (2017) have
shown that such transfers are needed to properly replicate the US fiscal system. The government
has several tools for financing these expenditures. First, the government can rely on four different
taxes. The first two taxes are distorting taxes, denoted by 7/, 72, that are levied on real and
nominal asset payoffs respectively. These two taxes will be called in the remainder of the paper
real and nominal asset taxes. The real asset tax will also be called capital tax, as is standard.
Second, the government also fully taxes the firms’ profits, which limits the distortions implied by

profit distribution. Finally, the last tax denoted by 7/ concerns labor income. In addition to

2 Aiyagari (1994) discusses the relevant values of the natural borrowing limit in an economy without aggregate
shocks. Shin (2006) provides a similar discussion in the presence of aggregate shocks. A standard value in the
literature is a zero borrowing limit, which ensures that consumption remains positive in all states of the world.

3We rule out the possibility of lump-sum taxes as a standard assumption in this literature (Aiyagari et al., 2002).
See Bhandari et al. (2017) for an analysis of the case, where lump-sum taxes can be the planner’s instruments.



these taxes, the government can also issue a one-period public nominal bond, and the public
debt outstanding amount at date t is denoted by B;. To sum up, fiscal policy is characterized by
five instruments (7, 7/, 7P, Ty, Bi)1>0 given an exogenous public spending (G¢)i>o-

After-tax quantities are denoted without a tilde. The real after-tax wage we, as well as
the real after-tax interest rates 7, and R} (for the capital and public debt, respectively) can

therefore be expressed as follows:

Wt = (1 — TtL)IDt, (9)
RN RN
= - 1= D, (10)

Taxes on asset-bearing assets are asset-specific and are levied on real returns. The period-t real
return on the nominal interest rate ]:Zi\i 1, set in period t — 1, is affected by both the period-¢
inflation rate and the period-t tax 72 (hence the notation R} in (10)).

The government uses its financial resources, made of labor and asset taxes, and public debt
issuance, to finance public goods, lump-sum transfers, and debt repayment:
RY,

t

Gy +

RN
By1 + T, < thw Ly + TFXFF Ky +TtB< lf[ L_ 1)Bt1 + Bs.
t

The expression of this government budget constraint can be simplified, following Chamley (1986).
Using the relationships (1) and (4), as well as the definition of post-tax rates in equations (9)
and (10), the governmental budget constraint becomes:
Riv K K 2
Gt + th—l +ry K1 +welly +Ty = By + | 1 — §(Ht - 1) )Y, — 0Ky—1. (11)
t

Monetary policy consists in choosing the nominal interest rate RY on public debt (between ¢
and t 4 1), affecting the gross inflation rate II;. The choice of optimal monetary-fiscal policy is
thus the choice of the path of the instruments (7, 7/, 72, Ty, By, RV, II¢)¢>0. These instruments
are not independent of each other and are intertwined through the budget constraint of the

government and the Phillips curve.

2.6 Agents’ program, resource constraints, and equilibrium definition

Each agent i is endowed at date O by an initial real and nominal wealth k; _1 and b; _1 and an

initial productive status y; 0. At future dates, her nominal savings pay off the post-tax gross
N

interest rate % between period t — 1 and period ¢, while her real savings pay off the post-tax

gross rate 1 + rf<. Formally, the agent’s program can be expressed, for given initial endowments



ki —1 and b; 1 and given initial shocks ¥; ¢ and zg, as:

o0
max E tuleis) —v(lid)) , 12
{ci,toli,eoki bt} oo, 0 gﬁ ( ( m) ( Z7t)) ( )
K RY
Cip+kiz+bis= 141 )ki—1+ Hibi,t—l + weyiiliy + Tt (13)
t
bit > —b, kit >0,cp >0, >0, (14)

where Eg is an expectation operator over both idiosyncratic and aggregate risks.

Let us comment equation (13) to discuss the effect of fiscal and monetary policies in relationship

to the literature. First, an unexpected change in asset tax 7 or 77 affects period t income,

RY,
m;

1)bi -1, respectively. Past savings payoffs are the amount of unhedged interest rate exposures

proportionally to interest payments on past real or nominal savings payoffs ftK kit—1, or (

(UREs) at period ¢t — 1, using the wording of Auclert (2019). Second, an unexpected change in

N
, %’ due to a Fisher effect. Third, labor tax

affects the post-tax wage rate, which generates heterogeneous income and labor-supply effects.

inflation affects the return on the nominal holdings

Finally, a change in the lump-sum transfer uniformly affects total income without distortion.
At date 0, the agent decides her consumption (¢;+)s>0, her labor supply (I;+)¢>0, and her
saving plans (b;¢)¢>0 and (k;+)¢>0 that maximize her intertemporal utility (12), subject to the
budget constraint (13) and the borrowing limits and positivity constraints (14). These decisions
are functions of the initial state (b; 1, ki —1,%i0), of the history of the idiosyncratic shock yf
and of the history of the aggregate shocks z!. Thus, there exist sequences of functions, defined
over ([—b;400) x [0;4+00) x V) x V! x R and denoted by (ct, by, ki, It )10, such that an agent’s

optimal decisions can be written as follows:*

cit = ct((bi—1,ki—1,9i0) ¥y 2'), bie = be((bi—1, ki1, Yi0): YL, 2Y), (15)
kit = ke((bi—1, ki =1, i0), Ybs 20, Lie = L((Bi =1, ki -1, i0), YL 27).

In what follows, we simplify the notation and keep the i-index. For instance, we write ¢;; instead

of ct((bi,—1, ki,—1,Yi0), Yt 2")-
The first-order conditions (FOCs) corresponding to the agent’s program (12)—(14) are:

o (ci0) = BE, [(1 B ) (i) |+ (16)
RN, b
= BB ol (esan) | + (1)
t+1
V' (lig) = weys ! (cig), (18)

where the discounted Lagrange multipliers of the real and nominal credit constraints of agent i

“The existence of such functions is proven in Miao (2006), Cheridito and Sagredo (2016), and Acikgdz (2018).

10



are denoted by l/fjt and Vﬁt, respectively. Each of these Lagrange multipliers is null when agent ¢
is not credit-constrained along the instrument under consideration.

We now express the economy-wide constraints:

/b%tﬁ(dl) = Bt, /kl7t€(dl) = Kt, /y%tl%tg(d?,) = Lt, (19)
/Cz,té(d2> +Gi+ K = (1 — g(Ht — 1)2) Y + Ky — 0Ky, (20)

which correspond to the clearing of the financial markets, of the labor market, and of the goods

market, respectively.’

Equilibrium definition. Our market equilibrium definition can be stated as follows.

Definition 1 (Sequential equilibrium) A sequential competitive equilibrium is a collection of
individual functions (¢;¢, i, bit, ki, Vf’,t, I/,Lk’t)tz(),iez, of aggregate quantities (K, Ly, Yy, Q, Ct)e>0,

of price processes (wt,rf(,Riv,wt,Ff(,Rgv)tZO, of fiscal policies (TtL,TtK,TtB,Bt,ﬂ)tZ(), and of
monetary policies (I1;)>0 such that, for an initial wealth and productivity distribution (bj—1,ki —1,Yi0)iez,
and for initial values of capital stock and public debt verifying K_1 = fl ki —14(di) and B_1 =

fi b —1¢4(di), and for an initial value of the aggregate shock zy, we have:

1. given prices, the functions (Ci,t,li,t,bi,uki,t,Vgtnyt)tzo,ieI solve the agent’s optimization

program in equations (12)-(14);

2. financial, labor, and goods markets clear at all dates: for anyt > 0, equations (19) and
(20) hold;

3. the government budget is balanced at all dates: equation (11) holds for allt > 0;

4. factor prices (wy, i, RNy, 7%, R,{V)tzo are consistent with condition (5), as well as with
post-tazx definitions (9) and (10);

5. firms’ profits Q4 and the quantity ; are consistent with equations (2) and (8);

6. the inflation path (I1;);>0 is consistent with the Phillips curve: at any date t > 0, equation
(7) holds.

2.7 The Ramsey problem

The goal of this paper is to determine the optimal monetary-fiscal policy that generates the

sequential equilibrium-maximizing aggregate welfare, using an explicit aggregate welfare criterion.

5Tt would be equivalent to use the sequential representation and to integrate over initial states (of measure
A) and idiosyncratic histories (of measure ). For instance, nominal savings can be written as: [, b; /(di) =

nyeyt Zyoey fb,le[—g,-{—oo) fk,16[0,+oo) bf((b—ly k_1, y0)7 yﬁa Zt)et(yf)A(db—h dk_1, yO) = Bt(zt)'

11



This is a difficult question, as the monetary-fiscal policy is composed of seven instruments
(rF, o/, B, Ty, By, RN ,II)¢>0 which affect the saving decisions and the labor supplies of all
agents, the capital stock, and the price dynamics. Interestingly, monetary policy has to balance
the cost of output destruction (through price adjustment costs) and nominal debt monetization

(as well as a more indirect role on mark-ups).

The aggregate welfare. We consider a utilitarian welfare function, where all agents are

equally weighted. Formally, the aggregate welfare criterion can be expressed as follows:

Wy :=Eg [Z ﬁt/(u(ci,t) —v(lir)) £(di)| . (21)

t=0 Vi

Choosing the pricing kernel. In a heterogeneous-agent economy, there is no straightforward
choice for the firm’s pricing kernel. We follow Acharya et al. (2022) and Bhandari et al. (2021b)
and assume that firm’s pricing kernel is risk-neutral. More precisely, the pricing kernel M; is
constant and normalized to 1 for all ¢: M; := 1. As noted by others (Bhandari et al., 2021b) and

as we checked ourselves, the choice of the pricing kernel has minor quantitative effects.%

The Ramsey program. The Ramsey program can be expressed using post-tax notation as:

_max W07 (22)
(TtL77',5K:TthBt:Tt7Ht,wt»7{(»RiN:@tvfvai\/»Kt7Lt,Y;th7Ct’(Ci,tyli,tvbz’,t7ki,t,1/3t,l’1k’t)i)t>0
RY K i 2
Gy + th—l +rp K1 +wlly +Ty = By + (1 — §(Ht —1)7) Y, — 0K, (23)
¢
RN
for all i € T: cip + kig +biy = (1 4+ 18 ki1 + Hitbz’,t—l + wyitli + T, (24)
¢
bi,t Z _l_)y Vﬁt(b’i,t + l;) = 07 Vyit Z 07 (25)
ki,t Z 07 ijtki,t = 07 Vyfc’t 2 O) (26)
W (cia) = PB4 (14 ) i) | + o (27)
RN, b
u'(cip) = PE, [H Ll (Cigrr) | + V0 (28)
t+1
Ul(li,t) = wtyi,tul(ci,t)a (29)
e—1 Yii
IL(II; — 1) = - (Gt — 1) + BE; (g1 (Ii1 — 1) v, | (30)
f

Bt = /butg(dl), Kt = /kZVtE(dZ), Lt = /y@tli,tﬁ(di), (31)

SWe also considered a firm’s pricing kernel defined based on the weighted marginal utilities of agents: M; :=
J; ' (ci,e)0(di). Tt has very small impacts on our results.
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and subject to several other constraints (which are not reported here for space constraints):
the definition (2) of (;, the definition (4) of Y%, the definition (8) of profits €, the factor-price
relationship (5), the definitions (9)—(10) of post-tax quantities, the positivity of labor and
consumption choices, and initial conditions.

The constraints in the Ramsey program include: the governmental and individual budget
constraints (23) and (24), the two individual credit constraints on nominal and real asset holdings
(and related constraints on ngt and Vﬁt) (25) and (26), Euler equations for consumption and
labor (27), (28), and (29), the Phillips curve (30), and market clearing conditions for financial
and labor markets (31). To simplify the derivation of first-order conditions, we use some aspects
of the methodology of Marcet and Marimon (2019), which is sometimes called the Lagrangian
method (Golosov et al., 2016), applied to incomplete-market environments. We denote by ﬁt)\ﬁt,
ﬂt)\gt, and 5t)\§7t the Lagrange multipliers of the Euler equations (27)—(29) of agent i at date ¢.
Similarly, we denote by 3'y; the Lagrange multiplier of equation (30) of the Phillips curve. The
Lagrange multiplier of the government budget constraint is 3.

The Ramsey program (22)—(31) could be simplified further by following Chamley (1986) and
removing taxes and pre-tax quantities, such that the planner directly chooses post-tax quantities.
Pre-tax quantities can be deduced from their definitions (5) and (8). The definitions (9)—(10) of
post-tax quantities can be used to recover tax paths from pre- and post-tax quantities. However,
we will also consider economies where some fiscal instruments are kept fixed. We have thus
chosen to provide the expression of the full-fledged version of the program, where fixing taxes
only involves adding a constraint to the program.

As a final remark, the Ramsey program can be written in a recursive form. The state
space for the planner and all agents is actually very large. It is the joint distribution over past
values of Lagrange multipliers, wealth, productivity levels and the current aggregate state. This
inclusion of past values of Lagrange multipliers, which makes the problem difficult, stems from
the commitment of the planner not to surprise agents, such that their Euler equations hold
in expectation. We skip this representation as the discussion of first-order conditions in the

sequential representation is more intuitive.

3 An equivalence result

This section presents our main equivalence result and analyzes fiscal and monetary policies in

different institutional setups. The analysis is greatly simplified if one introduces a new concept,
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the social valuation of liquidity for agent i, denoted by 1);+, and formally defined as:

Yir = u(cip) — ()\i,k,t -1+ TtK))\i,k,tfl) u”(cit) (32)
——

direct effet

effect on real savings

— (N _Ri'{v)\. e \: ) e
,b,t 11, ibt—1 | U (Cz,t)+ i,1,tYi t Wt (Cz,t)-

effect on labor supply

effect on nominal savings

The valuation 1); ; measures the benefit — from the planner’s perspective — of transferring one
extra unit of consumption to agent ¢. This can be interpreted as the planner’s version of the
marginal utility of consumption for the agent.” As can be seen in equation (32), this valuation
consists of four terms. The first is the marginal utility of consumption «’(¢; +), which is the private
valuation of liquidity for agent ¢. The three other terms can be understood as the internalization,
by the planner, of the economy-wide externalities of this extra consumption unit. More precisely,
the second and third terms in (32) take into consideration the impact of the extra consumption
unit on saving incentives from periods ¢ — 1 to ¢ and from periods ¢ to ¢t + 1. The interpretation
of both terms is similar, except that the first one is for real savings and the second one for
nominal ones. An extra consumption unit makes the agent more willing to smooth out her
consumption between periods ¢ and ¢ + 1, and thus makes her Euler equation (either nominal
or real) more “binding”. This more “binding” constraint reduces the utility by the algebraic
quantity u”(¢; 1) Ni g, where A; 5+ is the Lagrange multiplier of the agent’s Euler equation at
date t, be it nominal with x = b, or real with x = k. The extra consumption unit at ¢ also makes
the agent less willing to smooth her consumption between periods t — 1 and t and therefore
“relaxes” the constraint of date ¢ — 1. This is reflected in the quantity A; »;—1 (z = b,k).

Finally, the fourth term reflects the wealth effect of the labor supply. Indeed, transferring an
extra consumption unit to agent i deters her labor supply incentives through her labor supply
Euler equation (18). This effect has to be internalized by the planner. Note that this term is
present because we have chosen a utility function that is separable in labor and consumption. It
would be absent with a GHH utility function.

In addition to v; ¢, another key quantity is the Lagrange multiplier, p, on the governmental
budget constraint. The quantity p; represents the marginal cost in period ¢ of transferring one
extra unit of consumption to households. Therefore, the quantity 1;; — p1; can be interpreted as
the “net” valuation of liquidity: this is from the planner’s perspective, the benefit of transferring

one extra unit of consumption to agent ¢, net of the governmental cost. We thus define:

~

Yig =it — . (33)

"To simplify the notation, we keep the index 4, but the sequential representation can be derived along the lines
of equation (15).
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The interpretation of first-order conditions is greatly clarified by expressing them using Qﬁm rather

than the multiplier on Euler equations, \; ;.

3.1 The flexible-price economy

Our main result below is that the planner reproduces the flexible-price allocations, if it is possible
to choose capital and labor taxes. We thus first analyze the flexible-price allocation, in which
the price adjustment cost is £ = 0.8 The Phillips curve does not constrain the planner’s choices
and its associated Lagrange multiplier is 74 = 0. We can therefore follow here Chamley (1986)
and express all the planner’s constraints in post-tax prices. The Ramsey equilibrium can thus be
derived using a narrower set of variables, which simplifies the algebra. Taxes are then recovered
from the allocation. The before-tax rates ; and 7/ can be deduced from equations (2) and (5)
with ¢ = 1. Taxes TtL and TtK are obtained from the relationships between pre-tax and post-tax
rates (9) and (10). Finally, profits are null and the nominal rate R ; and the nominal tax 7%
are undetermined.”

The resolution of the Ramsey program in Appendix A.2 shows that a solution to the Ramsey
program is characterized by: (i) a real and nominal Euler-like equation for each individual
valuation 1; ¢ (as long as i is unconstrained), and (ii) four first-order conditions related to the
planner’s four instruments.

The nominal Euler-like equation, corresponding to the first-order conditions with respect to

nominal individual savings for non-credit-constrained agents, can be written as follows:
i = BB [Riilwi,m] : (34)

Constrained agents ¢ have no nominal Euler equation, as b;; = —b and Aipt = 0. Equation
(34) states that the net social value of liquidity should be smoothed out over time with the
post-tax nominal interest rate. It can be interpreted as a Euler-like equation for the planner and
generalizes the standard individual Euler equation by taking into account the externalities of
saving choices. Similarly, the real Euler-like equation, corresponding to real saving choices of

unconstrained agents, can be written as follows:

Viy = BEy [(1 + TtI—{l—l)@Ei,t+1} + BE; [(1 + fﬁl)um} — pt, (35)

while for real constrained agents, we have k;; = 0 and \; ;. = 0. The differences between the

real and nominal Euler-like equations are twofold. First, the Euler equation (35) for 1[1“ now

8Within the literature on optimal fiscal policy in heterogeneous agent models (Werning, 2007; Bassetto, 2014;
Acikgoz et al., 2018; or Dyrda and Pedroni, 2022, among others), the concept of net social value of liquidity is
new, to the best of our knowledge. It considerably eases the interpretation of the planner’s first-order conditions
and numerical simulations.

9Indeed, the government pays the before-tax rate R ; and receives the nominal tax 7 and both quantities
have the same base, which is the previous-period public debt. Hence the government only cares about the post-tax
nominal rate, as households.
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involves the post-tax real interest rate instead of the nominal one, as in equation (34). Equation
(34) also includes a supplementary smoothing term that involves the Lagrange multiplier p on
the governmental budget constraint. This term comes from the discrepancy between the social
valuation of real savings and their cost through the governmental budget constraint. This term
is absent in the nominal savings equation (34), because the the cost of governmental debt and of
households’ nominal savings is identical and equal to Rﬁrl.

The third first-order equation concerns the individual labor supply for each agent 4, and it

can be expressed as follows:

N W
V(L) + Nigav" (L) = weyig (%‘,t + Mtwt> , (36)
t

which equalizes the marginal social cost of labor (left-hand side) to its marginal benefit (right-
hand side). Similarly to the expression (32) of v;+, the marginal social cost of labor involves the
private cost v'(l;+) as well as the planner’s internalization of the general-equilibrium effect of
modifying individual labor supply that channels through the individual labor Euler equation
(hence the presence of the multiplier A;;;). The marginal benefits of an extra unit of labor supply
come from the related increase in individual consumption (through vf}”) and from the higher
output and higher labor taxes that relax the governmental budget constraint (through p;).

The fourth condition, which regards the post-tax wage rate wy, is:

/@mmﬂMAM>=—/&Mwmww@amy (37)

In the absence of any effect on the labor supply, the planner would choose the wage rate so as
to set the aggregate net liquidity value — weighted by the individual labor supply in efficient
terms — to zero: [ 1/A)i7tyi7tli,t€(di) = 0, or equivalently, to equalize the social liquidity valuation to
its marginal cost: fz Vi Yitli 10(di) = fZ a;+—1¢(di). However, the planner has also to take into
account the general-equilibrium distortions implied by wage variations that channel through all
individual labor supplies. These distortions are proportional to the Lagrange multiplier on the
labor Euler equation A; ;.

The fifth first-order condition deals with the post-tax nominal interest rate R} and is:

/@wwﬂwnz—/&mqu»mm. (38)

2

Similarly to equation (37), in the absence of any side effect, the planner would like to set to zero
the aggregate net value of liquidity among all agents — weighted by agents’ nominal asset holdings.
However, the planner has also to factor in the side effect of R on nominal savings incentives,
through the Euler equation. This effect is proportional to the shadow cost of the nominal Euler
equation. Note that the sign of this shadow cost depends on the planner’s perception of the

savings quantity in the economy. It is positive when the planner perceives excess nominal savings
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in the economy, and negative the other way around (see LeGrand and Ragot, 2022a, for a
lengthier discussion). In consequence, for instance, when there is an excess quantity of nominal
savings in the economy, the total net valuation of liquidity is negative.

The sixth first-order condition regarding the post-tax real interest rate 7€ can be expressed:

/T/A}i,tki,t—lg(di) =— /)\i,k,tlul(ci,t)e(di)a (39)

and is the exact parallel of equation (38) but for real savings instead of nominal ones.

Finally, the last condition regarding the lump-sum transfer T; is:

/ i ¢l(di) < 0. (40)

This is an equality when 7} > 0, and an inequality when T; = 0. Since there are no distortions

implied by the lump-sum transfer, it is set such that the redistributive effect is null.

3.2 The equivalence result

The monetary economy features two complementary market imperfections. The first is the
monopoly power of intermediary firms, which can yield a price markup (; different from one. The
second is the Rotemberg inefficiency, which prevents firms from setting their prices at no cost.
The two imperfections are complementary. Indeed, in the absence of Rotemberg inefficiency (i.e.,
k = 0), firms’ profit maximization yields ¢; = 1 and the markup inefficiency vanishes, as can be
seen from the Phillips curve in equation (7). Conversely, in the absence of imperfect competition,
we have (; = 1, and the Phillips curve implies the Rotemberg inefficiency has no role to play.
The planner’s objective — in a monetary setup — therefore includes minimizing the impact of
these two inefficiencies.

We now show that linear taxes on real and nominal assets, as well as on labor, are sufficient
tools to offset these two inefficiencies along the business cycle, even when agents are heterogeneous.
To do so, we first solve for the optimal monetary and fiscal policies when the government has

access to a full set of fiscal tools. This program can be written as:

max Wo, (41)

K pN .+ =K
(Bt,Tt,Hz,wt,Tt SRy b, Ty aKt7Lt7Y;€7Q7(Ci,tali,t7bi,t7k‘i,t)i)t>0

subject to the same equations as in the Ramsey program (22)—(31). Four observations are in
order. First, we have dropped the taxes TtL, TtK , and TtB from the Ramsey program since, as
in the flexible-price case, they can be substituted by post-tax quantities wy, X, and RY (and
recovered from allocation). Second, as in the flexible-price case again, the pre-tax nominal rate
]:ng is also dropped, since it does not play any role. Third, the before-tax rates ; and 7 play a

role only in the markup coefficient ¢; of equation (2) and in the factor price equation (5). In
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other words, the before-tax rates can be recovered from (; and from the allocation. Finally, the
markup coefficient only appears in the Phillips curve and can thus be recovered from the inflation
path. Because the planner can optimally choose the post-tax nominal rate Riv , inflation only
appears in the planner’s program through the output destruction term (i.e., —x(Il; — 1)2/2) in
the government budget constraint. Deviating from null inflation, i.e., from II; = 1, has the sole
consequence to shrink the feasible set of the planner. The latter therefore chooses to set the
gross inflation rate to 1 at all dates, so as to neutralize the Rotemberg inefficiency. This also
makes the price markup inefficiency vanish. At the end, the planner’s faces the same program
— and hence chooses the same allocation — as in the real economy. We summarize this first result

in the following proposition.

Proposition 1 (An equivalence result) When labor and both nominal and real asset taxes
are available, the government exactly reproduces the flexible-price allocation and net inflation is

null at all periods.

The proof is in Appendix B. Proposition 1 actually holds in a more general framework, where
the period utility is general (and not only separable in consumption and labor). The equivalence
result would also hold with different market structures. In particular, distributing the profits to
a mutual fund as in Bhandari et al. (2021b) would preserve the result if a time-varying tax on
the fund payoffs is available. Indeed, a noteworthy aspect of the result is that a capital tax per
asset choice is needed, hence one distinct instrument for nominal and real asset holdings.

Following the analysis of Kaplan et al. (2018) and Auclert (2019), monetary policy has
direct effects, due to price changes, and indirect effects through general-equilibrium feedback.
Proposition 1 states that the effects achieved by monetary policy can be achieved by labor
and capital taxation. Loosely speaking, on the one hand, outcomes of the direct effects can be
replicated by the linear capital tax, which globally affects the return on all savings. On the other
hand, general equilibrium effects, affecting the real wage, can be replicated by the linear labor
tax, which creates a wedge between the marginal labor cost of the firm, determining their pricing
decision, and the labor income of households, determining their labor supply decisions. Finally,
the equivalence result holds from time-0 onwards. As a consequence, it is valid both in a time-0
perspective, when instruments are chosen at the initial period before convergence to a long-run
equilibrium, and in a timeless perspective, when the economy is running for a long period, such
that the effect of initial conditions has vanished.

Note that the result of Proposition 1 would not hold anymore if the nominal tax is removed
as an independent instrument and for instance set equal to the real capital tax. In that case
inflation would be used to partly substitute for this absence of a specific nominal instrument.
Formally, we could not write the program using post-tax quantities as we did, and pre- and

post-tax quantities would not be independent of each other.
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The result of Proposition 1 is in the same vein as Correia et al. (2008) and Correia et al.
(2013), who also show that one can recover price stability if the planer has access to a time-varying
consumption tax in a complete market environment. The inclusion of nominal and real asset
taxes (instead of a consumption tax) allows us to connect our result to the literature on optimal

capital taxation in the heterogeneous-agent literature.'”

4 Simulating the optimal monetary policy with suboptimal fiscal

policies

This section introduces additional assumptions to be able to simulate the model with an exogenous
fiscal system. First, following the literature (Gornemann et al., 2016; Bhandari et al., 2021b,
among many others), we introduce a risk-neutral mutual fund in Section 4.1 to remove portfolio
choice. We specify the fiscal rule in Section 4.2 and present the Ramsey program in Section 4.3.

Finally, Section 4.4 presents the truncation theory that is used to simulate the model.

4.1 Introducing a mutual fund

The mutual fund collects all interest-bearing asset payoffs, — i.e., the nominal ones of public debt
and the real ones of the capital stock — and issues claims for households to invest in. Households
can now invest in only one asset, and they are taxed on the return of the fund. All the theoretical
results of the previous section, and in particular the irrelevance result of Proposition 1, remain
valid with this new market structure.

The (before-tax) interest rate paid by this fund to agents is denoted by 7. The three interest
rates, for public debt, capital, and the fund, are connected by two different relationships. The
first reflects the non-profit condition of the fund. We denote by A; the total asset amount in the
economy, equal to the sum of public debt and capital, which verifies: A; = K; + B;. Since the
fund holds all the public debt and the capital and sell shares, its non-profit condition at date ¢

implies:

e (R
TtA—1 =7 K1+ 10, 1| Bi—1. (42)

The second relationship is the no-arbitrage condition between public debt holdings and capital
shares. This condition states that one unit of consumption invested in each of the two assets

should yield the same expected return. Formally, this condition can be written as:

RY | K
E, [Hm] =B [1+75,]. (43)

OCorreia et al. (2008) analyze an economy without capital and no heterogeneity in asset holdings. In our
environment with capital and heterogeneous asset holdings, we need one tax for each asset. In addition, the
inclusion of capital tax may be more relevant quantitatively, at least in the US (see Trabandt and Uhlig, 2011).
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Because of the fund intermediation, households make no actual portfolio choice, and we will
denote by a; their holdings in fund claims. Agents face borrowing constraints, and their fund
holdings must be higher than —a < 0.

With the introduction of the mutual fund, there is only a single tax on the interest payments

of fund shares. We still denote TtK this unique capital tax, and the post-tax fund interest rate is:
re = (1 — )7 (44)
With this notation, households’ budget constraints and credit limits are:

aip+cip = (1 +7re)ai—1 + wyilis + Ty, (45)
a; ¢ 2> —a. (46)

Because of the absence of portfolio choice, households have a unique consumption Euler equation:

o (ciz) = BE: [(1 e ) (cinsn)| + vie, (47)

where 8'v;; is the Lagrange multiplier on the credit constraint (46). The governmental budget

constraint and the financial market clearing conditions are:
K
Gt + Bt—l + rtAt—l + ’U)tLt + ’Tt = Bt + (1 — §(Ht — 1)2) Y;g — (SKt_l, (48)

/a%tﬁ(dz) = A, = K; + B;. (49)

2

4.2 The fiscal rule

We consider a fiscal system that has an affine structure, composed of lump-sum transfers and
linear marginal tax rates. Such a system has often been used in the literature because it enables to
simply reproduce the redistributivity of the US fiscal system, as shown for instance by Heathcote
et al. (2017) and Dyrda and Pedroni (2022). Importantly, the fiscal system is not set optimally,
but through ad-hoc fiscal rules. We follow the standard rules of Bohn (1998), in which the
primary budget depends on the deviation of the public debt from its long-run target. Formally,

we assume that taxes are defined through the following rules:

TtL = 7'*L — UlL(Zt — Z*) - U%(thl - Z*)a (50)
TtK = 7‘5 — U{((Zt - Z*) - 05((th1 - Z*)a (51)
T, = T,—0"(Z,— 2,)—c®(B; — B,), (52)

where T, 71, 7K, B,, and Z, are steady-state values of the corresponding variables. We consider,
as an educated guess, a simple linear rule depending on the present and past value of the

technology shock. More elaborated rules could be more efficient, but these rules are simple and
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flexible enough for our experiment.!!

The stationarity of public debt implies o2 > 0. Different values for o7, af , 05( , 0B, 0{4 , and
02L will correspond to rules with different insurance properties. As a benchmark, we will consider
constant marginal tax rates over the business cycle, o = o4’ = 0 and 0¥ = ¢ = 0. We will also

consider time-varying tax rates, so as to investigate the impacts of a time-varying fiscal system.

4.3 The Ramsey allocation

The Ramsey planner’s program can be written as:

max Wo, (53)

- <K BN
(wt,metJ‘t Ry 7Tt7Kt7Lt7Ht7(ai,t7ci,tali,t7w,t)z‘)t>0

s.t. 7, 7, By following the fiscal rules (50)—(52), (54)

and subject to: the governmental budget constraint (48), the household budget constraint (45),
the household credit constraint (46), the Euler equations on consumption (47) and labor (18) —
which are unchanged, the Phillips curve (7), the market clearing condition (49), the labor market
clearing condition (19), the fund no-profit condition (42), the no-arbitrage condition (43), and
the post-tax rate definitions (9) and (44).

Constraints (54) imply that the dynamics of tax rates are exogenous. This is the main
difference with Section 3: taxes cannot be adjusted over the business cycle to implement the
optimal post-tax real wage and interest rate. For this reason, there is room for inflation to be
used to redistribute wealth across agents and provide insurance against aggregate shocks. Since
the algebra to determine the optimal inflation rate with fixed tax rates is more involved than in
Section 3, we focus here solely on the intuitions about the trade-offs for the inflation rate. We
formally derive all first-order conditions in Appendix C.

Deriving the first-order conditions of the planner for the choice of II; allows one to identify

three mechanisms:

1. Changing inflation can affect the real wage due to the Phillips curve, which can be useful

as an indirect tool to transfer resources across households.

2. Unexpected inflation specifically reduces the real return on public debt, which reduces the

return on the fund and decreases real interest payments by the government.

3. Inflation destroys resources due to the adjustment cost.

These effects can be identified analytically from the program of the planner. We denote: by py

the Lagrange multiplier on the relevant expression of the government budget constraint, by +; the

1 0One could be tempted to optimize on simple rules to minimize the volatility of some targets. This is however
not consistent, as the steady-state value of the taxes may not be optimal. In this case, the optimized rule would
capture steady-state distortions, as discussed by Sims (2009). See Section 5.5 for a strategy to consider optimal
steady-state taxes using a social welfare function.
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Lagrange multiplier of the New-Keynesian Phillips curve (7), by I'; the Lagrange multiplier on
the no-profit condition of the fund (42), and by T; the Lagrange multiplier on the no-arbitrage

condition (43). With this notation, the first-order condition on inflation can be written as follows:

Manipulation of real wage

Total cost due to inflation with NK Phillips curve

—_——~
pee(ly = 1) = (-1 — ) (2 — 1)

DN
Rtfl

+ (Ft(l - TtK)Bt—l — ﬁith—l) W
t

Reducing interest payment on public debt

4.4 Simulating the model: The truncation representation

The Ramsey problem of Section 4.3 cannot be solved with simple simulation techniques. Indeed,
the Ramsey equilibrium is now a joint distribution across wealth and Lagrange multipliers, which
is a high-dimensional object. The steady-state value of the set of Lagrange multipliers is not easy
to find, and the planner’s instruments depend on the dynamics of this joint distribution. For
this reason, we use the truncation method of LeGrand and Ragot (2022a) to determine the joint
distribution of wealth and Lagrange multipliers.'> The accuracy of optimal policies has been
further analyzed in LeGrand and Ragot (2022b) for both the steady state and the dynamics.

4.4.1 The uniform truncation method

The intuition of the method can be summarized as follows. In heterogeneous-agent models, agents
differ according to their idiosyncratic history. An agent i has a period-t history y! = {yi0,..., it}
Let h = (§-N+1,---,U—1,U0) be a given history of length N. In period ¢, an agent i is said
to have truncated history h if the history of this agent for the last N periods is equal to
h = {Yit-n+1,-..,¥it}. The idea of the truncation method is to aggregate agents having the
same truncated history and to express the model using these groups of agents rather than
individuals. This generated the so-called truncated model, which features a finite state space. In
the truncated model, the agents’ aggregation assumes full risk-sharing within each truncated
history, while the “true” Bewley model features wealth heterogeneity among the agents having
the same truncated history h. This simply comes from the heterogeneity in histories prior to the
aggregation period (i.e., more than N periods ago). We capture this within-truncated-history
through additional parameters — denoted by “£s” — which are truncated-history specific. This

construction yields a finite state-space representation, which is exogenous to agents’ choices and

120ptimizing on simple rules in the spirit of Krusell and Smith (1998) is also hard to implement, as the shape of
inflation is highly non-linear.
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thereby allows one to compute optimal policies.'®> The details of the truncated model can be
found in Section D of the Appendix.

To find the steady-state values of the Lagrange multipliers, we use the same algorithm as in
LeGrand and Ragot (2022a):

1. Set a truncation length N and guess values for the planner’s instruments.

2. Solve the steady-state allocation of the full-fledged Bewley model with the previous

instrument values, using standard techniques.
3. Consider the truncated representation of the economy for a truncation length N.

(a) Solve for the joint distribution of wealth and Lagrange multipliers.

(b) Analyze whether the values of instruments are above or below their optimal value.

4. Change the instruments’ values accordingly (or stop if their value is close enough to the

optimal value), and redo the process from Step 2.

5. Increase the truncation length N, and restart from Step 2 until increasing N has no impact

on the instruments’ values.

We analyze optimal monetary policy with a given fiscal policy. This greatly simplifies the process,
as it is known that the optimal gross inflation rate is I = 1. As a consequence, the previous
procedure is very fast to compute the joint distribution of wealth and Lagrange multipliers.

To use our truncation method in the presence of aggregate shocks, we further assume that:
1. The parameters (&3,);, remain constant and equal to their steady-state values.
2. The set of credit-constrained histories is time-invariant.

We thus assume that the time-variation of within-history heterogeneity is small enough for it to
have a second-order effect. In addition, we assume that the aggregate shock is small enough for
the set of credit-constrained histories not to change in the dynamics. Both assumptions rely on

the choice of the truncation length and can be checked numerically.

4.4.2 The refined truncation method

The previous truncation method is simple to implement, but it has the drawback of considering
many histories, some of them being very unlikely to be experienced by agents. By the law
of large number, these histories concern a very small number of agents. For instance, for a

truncation length of N = 5 used below, many histories have a size smaller than 1075, The idea

13Considering wealth bins is not possible, as the savings function and thus the transitions across wealth bins is
endogenous to the planner’s policy. This would imply a fixed point which would be very hard to solve.
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of LeGrand and Ragot (2022c¢) is to consider different truncation lengths for different histories.
For the sake of clarity, we will call this method the refined truncation, while the former one will
be called the uniform truncation. Histories more likely to be experienced (i.e., with a bigger
size) can be “refined”, which means that they can be substituted by a set of histories with
higher truncation lengths. For instance, the truncated history (y1,y1) (N = 2) can be refined
into {(y,y1,41) : y € Y}, where the group of agents who have been in productivity y; for two
consecutive period is split into n,(= Card)’) truncated histories.

A Dbenefit of this construction is that the number of histories is a linear function of the
maximum truncation length, instead of an exponential function. The construction of the
refinements is detailed in LeGrand and Ragot (2022c). A difficulty of the construction that the
set of refined histories must form a well-defined partition of the set of idiosyncratic histories in
each period. To keep a simple exposition, we solve the model with a uniform truncation method,

and only use the refinement in Section 5.4 as a robustness check of our main results.

5 Quantitative assessment

5.1 The calibration and steady-state distribution

Preferences. The period is a quarter. The discount factor is 8 = 0.99, and the period utility
_111+1/¢

1+1/¢"
the value recommended by Chetty et al. (2011) for the intensive margin in heterogeneous-agent

function is: log(c) — x 14 The Frisch elasticity of labor supply is set to ¢ = 0.5, which is

models. The scaling parameter is x = 0.076, to obtain an aggregate labor supply of roughly 1/3.

Technology and TFP shock. The production function is Cobb-Douglas: ¥ = ZK*L!~«.
The capital share is set to a = 36% and the depreciation rate to 6 = 2.5%, as in Krueger et al.
(2018) among others. The TFP process is a standard AR(1) process, with Z; = exp(z;) and
zt = pz2t—1 + €f, where €7 irig./\f(O, 02). We use the standard values p, = 0.95 and o, = 0.31% to
obtain a deviation of the TFP shock z; equal to 1% at a quarterly frequency (see Den Haan,
2010, for instance).

Idiosyncratic risk. We use a standard productivity process: logy; = pylogyi—1 + €/, with
ef NN (0, 03). We calibrate a persistence of the productivity process p, = 0.99 and a standard
deviation of o, = 12.3%. These values are consistent with empirical estimates (Krueger et al.,
2018). This process generates a realistic empirical pattern for wealth. The Gini coefficient of

the wealth distribution amounts to 0.73, while the model implies an average annual capital-to-

“Note that matching the data constrains the Intertemporal Elasticity of Substitution (IES) parameter. Con-
sidering a log utility, we can match a Gini coefficient of wealth of 0.74 close to its empirical counterpart of 0.77.
Considering a CRRA function u(c) = 011:: with 0 = 2 reduces the Gini coefficient to 0.57. A higher value of o
decreases the Gini coefficient, as agents save more to self-insure.
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GDP ratio of 2.5. These two values are in line with their empirical counterparts. Finally, the
Rouwenhorst (1995) procedure is used to discretize the productivity process into 5 idiosyncratic

states with a constant transition matrix.

Fiscal Rules. Steady-state parameters of the fiscal rules are calibrated based on the computa-
tions of Trabandt and Uhlig (2011), who use the methodology of Mendoza et al. (1994) on public
finance data prior to 2008. This approach consists in computing a linear tax on capital and on
labor, as well as lump-sum transfers that are consistent with the governmental budget constraint.
Their estimations for the US in 2007 yield a capital tax (including both personal and corporate
taxes) of 36%, a labor tax of 28% and lump-sum transfers equal to 8% of the GDP. We then
consider the steady-state values (77, 7%, T,/GDP) = (28%, 36%,8%). This steady-state fiscal
system generates two untargeted outcomes. First, it implies a public debt-to-GDP ratio equal to
63.5%, which is very close to the value of 63% estimated by Trabandt and Uhlig (2011). Second,
it also implies a public spending-to-GDP ratio equal to 12.1%. This value is consistent with
other quantitative investigations (Bhandari et al., 2017), even though a little bit low compared
to the postwar value, which has decreased to 14.1% in 2017, from 17% in the 1970s.

Considering the dynamic part of the fiscal systems, we consider two fiscal rules, of the form
(50)—(52). The first and benchmark rule (called Fiscal Rule 1) is defined by the six parameters
(ol ok ok ok o7 oP) =(0,0,0,0,8.5,4.0), determined by the following constraints. First, we
assume that the marginal capital and labor taxes are constant over the business cycle (hence,
ol = ol = 0 and off = 6§ = 0). Second, following recent empirical estimates, we match
an average increase of debt over GDP of 2% after a negative TFP shock of 1%, in the range
estimated by Kim and Zhang (2020) for developed countries. Finally, the rule ensures that public
debt is stationary.

The second fiscal rule (called Fiscal Rule 2) is defined by the six parameters (oF, 0% o ol
ol oB) = (-0.6,0.5,0.6,—0.5,8.5,4.0). In this rule, labor taxes fall in recessions, whereas
capital tax increases. This rule is a small deviation of Rule 1, and it will implement a similar
debt path, because the reduction on labor tax is compensated by an increase in capital taxes.
However, compared to Fiscal Rule 1, Fiscal Rule 2 implies different insurance properties against

the aggregate risk.

Monetary parameters. We follow the literature and assume that the elasticity of substitution
across goods is € = 6 and the price adjustment cost is k = 100 (see Bilbiie and Ragot, 2021, for a

discussion and references). Table 1 provides a summary of the model parameters.
Steady-state equilibrium distribution. We first simulate the full-fledged Bewley model

(i.e., without aggregate shocks) with the steady-state optimal inflation rate II = 1. In Table

2, we report the wealth distribution generated by the model and compare it to the empirical
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Parameter Description Value

Preference and technology

I} Discount factor 0.99
o Curvature utility 1
a Capital share 0.36
) Depreciation rate 0.025
a Credit limit 0
X Scaling param. labor supply 0.076
%) Frisch elasticity labor supply 0.5
Shock process
o Autocorrelation TFP 0.95
lo Standard deviation TFP shock 0.31%
Py Autocorrelation idio. income 0.99
oy Standard dev. idio. income 12%
Tax system
K Capital tax 36%
Tt Labor tax 28%
T Transfer over GDP 8%
B/Y Public debt over yearly GDP 63.5%

G/Y Public spending over yearly GDP  12.1%

Monetary parameters

Price adjustment cost 100
€ Elasticity of sub. 6

Table 1: Parameter values in the baseline calibration. See text for descriptions and targets.

distribution. We compute a number of standard statistics — listed in the first column — including
the quintiles, the Gini coefficient, and Top 5% property.

The empirical wealth distribution reported in the second and third columns of Table 2 is
computed using two sources, the PSID for the year 2006 and the SCF for the year 2007. The
fourth column reports the wealth distribution generated by our model. The Gini coefficient of
the model is 0.73, whereas it is 0.77 in the data. The model reproduces well the bottom of the
distribution, but not do as well for the very top. It is known that additional model features must
be introduced to match the high wealth inequality in the US, such as heterogeneous discount

rates, as in Krusell and Smith (1998), or entrepreneurship, as in Quadrini (1999).

Truncation. We now construct the truncated model. We use a truncation length of N = 5,

which with our 5 states implies 5° = 3125 different truncated histories. We only focus on histories
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Data Model

Wealth statistics PSID, 06 SCF, 07

Q1 —0.9 —0.2 0.0
Q2 0.8 1.2 0.2
Q3 4.4 4.6 5.2
Q4 13.0 11.9 18.1
Q5 82.7 825 764

Top 5% 36.5 36.4  33.2

Gini 0.77 0.78  0.73

Table 2: Wealth distribution in the data and in the model.

with positive size (some histories are never experienced if there is some zero probability to switch
from one state to another), which reduces the number of histories to 727. In LeGrand and Ragot
(2022a), it has been shown in an environment without nominal frictions that a small truncation
length can provide accurate results, thanks to the introduction of the £s parameters, as explained
in Section 4.4. In Section 5.4, we show that it is also the case in the current setup and use the

refined truncation as a robustness check.

5.2 Optimal inflation dynamics

We first simulate the model after a negative TFP shock of one standard deviation. The Impulse
Response Functions (IRFs thereafter) are reported in Figure 1. We report IRFs for key variables
and for three economies, all economies being at the steady state in period 0. The first economy
(labeled Economy 1) is the benchmark economy implementing Fiscal Rule 1. The second economy
(Economy 2) implements Fiscal Rule 1, but considers a constant inflation IT; = 1 for all dates,
instead of the optimal inflation path. This exercise is performed following Bhandari et al. (2021b),
who note that II; = 1 for all ¢ is the optimal inflation path in the complete market economy with
TFP shock, due to the “divine coincidence” identified by Woodford (2003). Hence, comparing
Economies 1 and 2 helps to identify the contribution of market incompleteness to the optimal
inflation dynamics. The third economy (Economy 3) implements Fiscal Rule 2, where capital
and labor tax rates are time-varying, and where the path of inflation is optimal. Comparing
Economies 1 and 3 helps to identify the dynamic contribution of fiscal rules.

First, inflation in the benchmark economy (black line) increases on impact and then decreases
to converge back to its steady-state value. The nominal rate decreases on impact. The inflation
volatility is low, as the maximum change in inflation rate is 0.01%. This small change in inflation
implies that the differences between the allocations of Economy 1 (optimal inflation rate) and of

Economy 2 (constant inflation) are of small magnitude. Regarding the fiscal dimension, one can
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Figure 1: Impulse response functions after a negative productivity shock of one standard deviation
for relevant variables. The black line is the benchmark economy with Fiscal Rule 1 and optimal
monetary policy. The red dashed line is Economy 2, where we impose II; = 1. The blue dashed
line is Economy 3 with time varying taxes (Fiscal Rule 2) and optimal monetary policy.

check that the elasticity of public debt over GDP to TFP is around —2: a fall of TFP by one
standard deviation increases public debt ratio by 0.6%. Finally, tax rates are constant in this
economy. The comparison of Economies 1 and 2 allows us to check that the optimal inflation
path provides some insurance against the aggregate risk. This will be more clearly detailed in
Section 5.3 through welfare comparisons. These results are consistent with those of Bhandari
et al. (2021b), but with a lower inflation volatility due to the different calibration strategy.!®
In Economy 3, the labor tax falls on impact by a small amount, from 28% to 27.8%, and the
capital tax increases from 36% to 36.2%, while the path of public debt is roughly unchanged.
Comparing Economies 1 and 3 (where tax rates are time-varying) shows that inflation (Panel 2)

is slightly less volatile with Fiscal Rule 2, while aggregate consumption (Panel 5) is less volatile

15We verify in Section 6 below that opting for a calibration strategy similar to the one of Bhandari et al. (2021b)
yields an inflation volatility that is similar to theirs.
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in Economy 3 than in Economy 1, where taxes are constant. As a consequence, time-varying
fiscal policy provides an efficient insurance for aggregate consumption against aggregate shocks
and also contributes to reduce the volatility of the inflation response.

These findings are confirmed by second-order moments that can be found in Table 3. We
simulate the economy considering the TFP process given in Table 1. We report the unconditional

first- and second-order moments for the main variables, in the three economies.

Economy 1 Economy 2 Economy 3

Y  Mean 1.43 1.43 1.43
Std(%) 1.48 1.48 1.46
C  Mean 0.9 0.9 0.9
Std(%) 1.33 1.34 1.31
K  Mean 14.31 14.31 14.31
Std(%) 1.55 1.55 1.57
L  Mean 0.39 0.39 0.39
Std(%) 0.23 0.18 0.20
7l Mean 0.28 0.28 0.28
Std(%) 0.0 0.0 0.02
7K Mean 0.36 0.36 0.36
Std(%) 0.0 0.0 0.2
B Mean 3.64 3.64 3.64
Std(%) 0.62 0.62 0.62
T Mean 0.11 0.11 0.11
Std(%) 4.74 6.0 5.26
II  Mean 1.0 1.0 1.0
Std(%) 0.020 0.0 0.018
Correlations
corr(I1,Y) 0.20 0.0 0.19
corr(T5,Y) 0.0 0.0 —0.96
corr(t1,Y) 0.0 0.0 0.96
corr(B,Y) —0.97 —0.97 —0.97
corr(C,Y) 0.95 0.94 0.92
corr(Y,Y_q) 0.98 0.97 0.98
corr(B,B_1) 0.96 0.97 0.96

Table 3: First- and second-order moments for key variables, in the three economies (Economy 1
is the benchmark; Economy 2 is the economy with constant inflation; Economy 3 is the economy
with time-varying fiscal policy).

For each variable, we report the steady-state value (labeled “Mean”) and the normalized

standard deviation in percent, equal to the standard deviation divided by the mean (labeled

“Std”), except for taxes and inflation, for which the standard deviation is reported. The second
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part of the table reports correlations. We can observe that Table 3 confirms the IRFs regarding
aggregate variables. The volatility of aggregate consumption is slightly lower in Economy 1
than in Economy 2. Finally, the volatilities of inflation, aggregate consumption, and output are

slightly smaller with a time-varying fiscal rule (Economy 3) than with constant taxes (Economy

1).

5.3 Welfare comparison

The welfare difference between Economies 1 and 2 is analyzed using consumption equivalents,
computed in the following way. We consider two economies that differ according to their fiscal
and monetary policies. The benchmark policy is denoted B, while the alternative one is denoted
A. The average welfare gain is defined as the constant percentage increase in consumption of the
benchmark economy, which equalizes the intertemporal welfare of the two economies. Formally,

using the utilitarian social welfare function (21), the welfare gain A is defined as:

Eo [Zﬂt/( (1+ A)ef) — oli5)) (d 1 Eo lZﬁt/( — ))E(di)], (55)

where the superscript A (resp. B) denotes the allocation under policy A (resp. B). If the
alternative policy is welfare-improving, then A > 0.

In our environment, and following the discussions of Bhandari et al. (2021a) and Dyrda and
Pedroni (2022), this computation of welfare gains captures insurance effects against aggregate
risk. Indeed, we compute welfare gains simulating the effect of two policies in the same economy,
having the same steady state and hit by the same shocks. The fiscal policies do not change the
steady state, and do not implement permanent transfers across agents. As a consequence, the
welfare gains come from the ability of the different policies to provide insurance against aggregate
risks.16

To better analyze the insurance property, we can condition the welfare gains on the produc-
tivity of each agent. We thus compute the welfare gain A, (y € V) conditional on an initial

productivity level y as follows:

EO[Zﬁ/ DeB) — v(B),, o, ]Eolzﬁ/ ) — (I8 Lys oy O(i) |, (56)

where 1,, =, = 1 if the initial state y;o is y and 0 otherwise. Consistently with the timeless
perspective, we implement this welfare comparison assuming that the economy starts from

the steady-state distribution. We then simulate the economy for 10,000 periods with different

5Following Floden (2001) and Benabou (2002), the literature has often decomposed the total welfare into three
effects: a level effect, an insurance effect, and distributive effects. As we do not consider transitions starting from
an initial distribution (as Bhandari et al., 2021a, or Dyrda and Pedroni, 2022), we only consider the insurance
effects.
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realizations of the aggregate shock history. The intertemporal welfare gains are computed as
an average over these realizations, where we track agents with a given initial productivity level
(which is then evolving according to the stochastic process for the idiosyncratic risk). As discussed
above, the difference in the welfare gains according to the initial productivity level should be
understood as a decomposition of the aggregate gains of insurance across initial types.

We find that implementing the optimal monetary policy — measured as the welfare gap
between Economies 1 and 2 — generates an average welfare gain of 0.002%. This small value
can be expected from Figure 1 and from the second-order moments of Table 3. However, this
value hides heterogeneity among productivity levels, as can be seen in Figure 2, which plots
the welfare gains between Economies 1 and 2 for different productivity levels. First, all initial
productivity levels are experiencing a modest but positive welfare gain due the optimal monetary
policy. The low productivity agents are experiencing a higher welfare gain, equal to 0.01%, as
they enjoy a higher reduction in consumption volatility. At the opposite end, the welfare gain of

very productive agents is almost null, reflecting that these agents are able to self-insure.

-3

Figure 2: Welfare comparison by initial productivity, reported as the percentage increase in
consumption.

5.4 Numerical robustness

The previous simulations were based on a truncation length of N = 5. As explained in Section
4.4.2, we now use LeGrand and Ragot (2022¢) to consider heterogeneous truncation lengths.
We set the truncation length Ny, = 20 for the histories with the largest size. The results
are provided in Appendix E.2. They are very similar to the results with the simple truncation
structure. In particular, the volatility of aggregate variables are almost unchanged, and the
volatility of inflation remains very low.

Finally, we also compare the simulation outcomes of the truncation method to those of
another standard method, the histogram method developed by Rios-Rull (2001), Reiter (2009),
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and Young (2010). We simulate the model with the previous calibration, assuming no public
spending with the two methods. We then compare their IRFs, their second-order moments, as
well as average and maximum absolute differences. The results are reported in Appendix F and

appear to be very close.

5.5 Considering constrained-optimal fiscal policy

Finally, and as a robustness check, we also simulate the model for a constrained-optimal fiscal
policy, assuming that only some fiscal tools are fixed in the dynamics, whereas other tools are
optimally time-varying. To do so, we first assume that the steady-state fiscal policy is optimal
for the planner, and then we compute the optimal dynamics around this optimal steady state.
To obtain an optimal steady state, we assume that the planner considers an aggregate welfare
criterion with Pareto weights that are history-specific. More specifically, we consider a general
welfare function that depends on the weights on the utility of each agent. For the sake of
generality, we assume that these weights are consistent with the sequential representation and
depend on initial conditions and an idiosyncratic history. The weight of agent i € Z at date ¢
is wiy := wi(y;), and the weights satisfy 1 = [;w;(di) = 3 tepe wi(yf)0:(y;) for t > 0. These
history-dependent weights are now also used by McKay and Wolf (2022) and Davila and Schaab

(2022). Formally, the aggregate welfare criterion can be expressed as follows:

)
Wo = Eo [Z At / wi(yU (cit, lig)e(di)|. (57)
t=0 i
Following the inverse optimal taxation approach, we estimate the Pareto weights such that the
observed US fiscal system is optimal at the steady state. We then solve for the optimal inflation
and fiscal policy holding the capital tax constant or the labor tax constant. We find that the
optimal inflation rate is almost constant, with a standard deviation of 0.01%, confirming the
result that the volatility of inflation is low when fiscal policy is partly time-varying. We derive

all the algebra and solution techniques in Section H.

6 Relationship with the literature: Theoretical and quantitative

investigations

Despite the possible theoretical room for time-varying inflation to increase welfare in our
quantitative analysis of Section 5, our baseline calibration implies a low inflation that is further
reduced by a time-varying fiscal policy. As our analysis adds new ingredients to the existing
literature (which are binding credit constraints, capital accumulation, a fund, fiscal policy in
the timeless perspective, and the resolution via the truncation method), we now investigate how
our results compare to those of Acharya et al. (2022), Bhandari et al. (2021b), or Nuflo and
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Thomas (2022), among others. A first difference is that we consider a timeless perspective and
not a time-0 program. As explained in Nuno and Thomas (2022), inflation deviation after a TFP
shock is larger in a period-0 problem compared to a timeless perspective, as the planner can
surprise agents with an increase in inflation in period 0, to redistribute wealth across agents.'”

However, some papers, such as Bhandari et al. (2021b), find that inflation can increase after
a TFP shock in an environment with exogenous fiscal policy, which is immune to the time-0
incomnsistency. To understand these results and the role of time-varying fiscal policy, we proceed
in two steps. First, we consider in Section 6.1 a simple model, with only two types of agents.
It allows us to identify the key determinants driving the inflation response, such as an unequal
profit distributions, a high slope of the Phillips curve, a low IES of agents, and the absence of
exogenous time-varying fiscal policy. An additional gain of the simple model is that it can be
easily related to the quantitative model, with a small truncation length (N = 1).

Second, we verify in Section 6.2 that the factors identified in the simple model remain valid
in a quantitative model (similar to the one of Section 5). This section therefore reconciles our
results with those of the literature and confirms that the small inflation volatility of Section 5 is

not driven by the introduction of the fund nor by the truncation method.

6.1 A two-agent economy

We consider a simplified version of the quantitative model of Section 4, with a modification of
the way profits are distributed. We remove capital and consider two productivity levels y; < ys.
Agents are also assumed to inelastically supply one unit of labor and to trade nominal assets
only. Productivity levels are assumed to be chosen for the aggregate labor supply to be equal to
1: 832 — 1 and the transition matrix (m;;) is symmetric. There is no government (hence, no
public spending, no tax, and no public debt). Nominal assets are thus in zero-net supply.

The firms’ profits, €2, are not taxed, but are distributed to households as a function of their

productivity. More precisely, agents of type ¢ receive a share of profits €2; equal to (%)_ly;’ ,
where v > 0 characterizes how unequal the profit distribution is (note that shares sum to 1).
When v = 0, all agents receive the same share of total profits, and the higher v, the more the
profit distribution is tilted toward high-productivity agents. At the limit (v — o), all profits
are distributed to the highest-productivity agents.'®

Furthermore, this simple economy is characterized by a specific risk-sharing arrangement,

which corresponds to the “island” metaphor.'? Agents with the same productivity level pool

"Tn a previous version of the current paper, we quantified this time-inconsistency and related it to the period-0
capital tax problem.

18 This flexible form allows one to encompass the case where profits are equally distributed to households (Acharya
et al., 2022) and the case of an exogenous (unequal) distribution (Bhandari et al., 2021b) without introducing
another asset.

19The simple island metaphor is used by Lucas (1990), the family metaphor is also used in Challe et al. (2017)
and Bilbiie and Ragot (2021) or Bilbiie (2021). See Ragot (2018) for an overview of limited-heterogeneity models.
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resources and consume the same amount, as if they were on the same island. Agents move across
the two islands (corresponding to the two productivity levels) according to their productivity
status. Formally, this economy is similar to a truncated model in which the truncation length is
set equal to one and the s are all set to one. The equilibrium has indeed a simple structure
with two agents (with high and low productivity), which allows us to easily derive the optimal
policy with standard methods. The calculations and model equations can be found in Appendix

1.1. We here simply provide simulation outcomes to identify key parameters.

A. Economy without capital

03 1. Inflation 0 2. Consumption of 1 0 3. Consumption of 2
-0.2 -0.2
0.2
-0.4 -0.4
0.1 -0.6 -0.6
08¢ | -0.8
0 - == /
1 -1
-0.1 -1.2 -1.2
0 10 20 0 10 20 0 10 20
B. Economy with capital and fiscal system
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Figure 3: Optimal inflation rate (in %) and consumption levels of the two types of agents in
percentage deviation, for two economies. The black solid line is the optimal allocation. The blue
dashed line is the allocation when II = 1, which is the optimal inflation in the corresponding
Representative Agent (RA) economy.

The model calibration is close to the one of Bhandari et al. (2021b). The period is a year.
The preference parameters are set to 5 = 0.96 for the discount factor and to ¢ = 2 for the inverse
of the intertemporal elasticity of substitution. The parameters characterizing the Phillips curve
are set to e = 6 (to have a markup of 20%) and to x = 20, which generates a slope of the Phillips
curve equal to 6%. The productivity process is based on an AR(1) process with a persistence of
po = 0.992 and a standard deviation of the innovation of oy = 10.3%. Using the Rouwenhorst
(1995) procedure, we obtain the two productivity levels y; = 0.11 and y2 = 0.89 and a transition
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matrix defined by w11 = w0 = 0.996 and 719 = w91 = 1 — w11. We set the parameter driving the
inequality of profits distribution to v = 10. This high value implies that the high-productivity
agents get almost all the profits.?® Finally, we set the credit constraint to b = 0.05, which is half
of the yearly income of low-productivity agents. This value implies that low-productivity agents
are credit constrained in equilibrium. We solve for the optimal monetary policy after a negative
TFP shock of 1%,with a persistence of p, = 0.73, as in Bhandari et al. (2021b).

As summary statistics, we report in Panel A of Figure 3 the inflation rate in percent and the
consumption of agents 1 and 2, both in percentage deviation from their steady-state value. To
understand the optimal allocation, we report the optimal response in black solid lines, and in
blue dashed lines, the response with a constant inflation rate I = 1, which corresponds to the
optimal inflation rate in a Representative-Agent (RA) economy. The inflation increases at impact
by around 0.17%, which is consistent with Bhandari et al. (2021b). The increase in inflation
benefits to low-productivity agents (agents 1) due to the Fisher effect and to the increase in the
real wage. Agents 2 experience a slightly higher fall in consumption due to inflation. Overall,

inflation acts as risk-sharing device for the aggregate TFP shock.

Parameter value Description Inflation on impact (in%)
Benchmark 0.17

k=100 Price adj. cost 0.11
oc=1 1ES 0.07
b=0.1 Credit limit 0.14
v=>0 lump-sum profit red. —0.13

Table 4: Change in inflation on impact for different parameter values.

We conduct sensitivity analysis and report in Table 4 the increase in inflation at the time
of impact for different parameter choices (the shape of the inflation response being mostly
unchanged). The variation of the first inflation driver cost (x increasing from 20 to 100) implies a
decrease in the slope of the Phillips curve from 6% to the standard value of 2%, which is chosen
in the calibration of Section 5. The increase in inflation on impact diminishes from 0.17% to
0.1%, consistent with a higher cost for inflation. With a higher IES (equal to 1/0), the welfare
benefit of consumption smoothing is reduced, which implies a lower increase in inflation, by
0.07% instead of 0.17%. A higher credit limit b increases the nominal outstanding debt of agents
1, which serve as a “fiscal” base of inflation. Finally, when the profits are equally distributed
across agents (which corresponds to v = 0), inflation decreases on impact by —0.13% instead of
increasing by 0.17%. Indeed, decreasing inflation allows the planner to increase firms’ profits.

Since the profits are equally distributed, this acts as a progressive transfer to type-1 agents (who

20The share of profits held by the type-1 agents is around 8 - 107!°. A similar assumption is made in a number
of papers (Challe et al., 2017, or Tobias et al., 2020, and see the discussion in Bilbiie, 2021).
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are credit-constrained), which boosts their consumption. The sensitivity in a heterogeneous-agent
economy of optimal inflation to profits distribution has already been documented (Acharya et al.,
2022; Tobias et al., 2020, Bhandari et al., 2021b; Bilbiie and Ragot, 2021 or Bilbiie, 2021).

Capital and taxes in the simple model. We now introduce capital and a time-varying
capital tax. The production function becomes Y; = Z,K{* | with a« =1/3 (as Ly = 1), and the
annual depreciation rate is set to 6 = 0.1. Production factors are determined as in Section 2.3
together with L; = 1. In addition to nominal assets, agents can also save in capital claims paying
off the net interest rate 7*. The two-agent economy and the binding credit-constraints allow us
to directly pin down the portfolio allocation, without introducing a fund. Type-2 agents hold
the whole capital and the whole nominal debt issued by type-1 agents. Type-1 agents issue
as much nominal debt as they can given their credit constraint. The tax system comprises a
lump-sum transfer, denoted by 7T}, financed by a distorting tax 7€, levied on both nominal and
real asset-holding payoffs. We assume that the capital tax is countercyclical and follows the
simple rule 7/ = —o%2, with ¢ = 0.5. This rule implies that the capital tax, as well as the
lump-sum transfers, are null at the steady state, positive in recession, but negative in booms.
We solve for the optimal monetary policy in this environment. To save some space, the equations
are provided in Appendix I.2.

The outcome is reported in Panel B of Figure 3. Inflation barely moves on impact and in the
dynamics. Time-varying redistribution across agents is now done by the tax system, and the
inflation now has a modest role in the distribution of resources.

We can draw two main conclusions from our simple model exercise. The first is that monetary
policy can play an active role as a risk-sharing tool (see Panel A of Figure 3). The optimal
inflation response is nevertheless sensitive to the calibration, and especially to the inequality of
profit distribution, the slope of the Phillips curve, and the IES. Second, introducing a simple
taxation scheme that allows for redistribution basically turns off monetary policy. The inflation
response becomes much smaller in the presence of fiscal tools (see Panel B of Figure 3). In other

words, inflation allows for redistribution, but is a very costly substitute for fiscal policy.

6.2 Quantitative validation with an alternative calibration

We verify that the conclusions of Section 6.1, remain valid in a more quantitative model that
is similar to the one of Sections 4 and 5, with the notable exception that profits are directly
distributed to agents and not taxed away by the government. As in Section 6.1, agents of type ¢
receive a share of profits ), equal to (3 Syy)_lyf , where v > 0 drives how unequal the profit
distribution is. Compared to Section 4, this modifies the budget constraints of the government
and of households, and hence the derivation of the Ramsey program. The equations and their

derivations can be found in Appendix G.
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We modify the calibration of Section 5 for the factors that have been identified to be key for
inflation response (see Table 4). First, the slope of the Phillips curve is steeper (as k = 20 instead
of K = 100). Second, the IES of agents is set to 1.4 instead of 1.0. Finally, the profits distribution
is very unequal (v = 10), such that they are mostly given to the most productive agents. The

rest of the calibration (including for idiosyncratic and aggregate risks) is unchanged.?!

A. Economy without fiscal rule

1. Inflation 2. Consumption 3. GDP
o 0
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B. Economy with a time-varying fiscal rule
1. Inflation 2. Consumption 3. GDP
0 ———— 0
0.2 -0.05 -0.1

0.2

0.1 -0.1

l_/ -0.3
= v

0 yANiam— 0.15 | I Y

-0.1 -0.2 -0.5
0 5 10 15 20 0 5 10 15 20 0 5 10 15 20

Figure 4: Optimal inflation rate (in %), aggregate consumption and GDP in percentage deviation,
for two economies. The black solid line is the optimal allocation. The blue dashed line is the
allocation when II = 1, which is the optimal inflation in the corresponding RA economy.

We report the model simulation in Figure 4, where we also report in blue dashed line the
outcome when II = 1. Panel A makes it clear that the alternative calibration implies a higher
response of inflation, since it approximately increases by 0.15% on impact. The response is close
to the one observed in the simple model of Section 6 with no capital and no fiscal rule and also
in line with Bhandari et al. (2021b). We also introduce a countercyclical fiscal policy, with the
same rules as in equations (50)—(52). The results are reported in Panel B of Figure 4. Similarly
to Sections 5 and 6.1, the fiscal rule reduces inflation volatility, here by one order of magnitude,
from 0.68% to 0.07%. Inflation response on impact is also reduced from 0.15% to less than 0.01%.
Furthermore, aggregate consumption is also less volatile, showing that the fiscal rule provides

more insurance against the aggregate risk. The detailed model outcomes, including second-order

21To the best of our knowledge, the calibration of Section 5, in particular the slope of the Phillips curve, is more
standard.
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moments, can also be found in Appendix G.

7 Conclusion

We derive optimal monetary policy with commitment in an economy with incomplete insurance
markets, nominal frictions, and aggregate shocks in a timeless perspective. We consider three
different fiscal regimes. First, when linear capital and labor taxes can optimally vary over the
business cycle, we find that there is no role for monetary policy to deviate from price stability.
Redistribution is only a matter of fiscal policy. Second, when taxes are set by an exogenous
fiscal rule, the inflation response is modest when the calibration is standard and further reduced
when capital and labor taxes are (exogenously) time-varying. A sizable inflation response, in
the absence of time-varying taxes, can be obtained when considering a combination of unequal
profit distribution and a calibration with a steep Phillips curve and a low IES. Third, we
consider constrained-optimal fiscal policies, and we find that there is no significant quantitative
deviation from price stability. As a conclusion, inflation appears to have a modest role to play

for redistribution and can efficiently be replaced by simple time-varying fiscal rules.
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Appendix

A Computing the FOCs of the full-fledged Ramsey program
with flexible prices
This section is organized in two parts. In Section A.1, we transform the Ramsey program by

including the Euler equations in the planner’s objective. In Section A.2, we derive the FOCs of

the Ramsey program in the flexible-price economy.

A.1 Transforming the Ramsey program

We explicitly include the Euler equations (the two on consumption and the one on labor) in the
planner’s objective. We recall that the three Lagrange multipliers are denoted by 8'\; .+ for
the real Euler equation, ,Bt)\i,b,t for the nominal Euler equation, and ﬁt)w,t for the labor Euler

equation. The objective of the Ramsey program (22)—(31) then becomes:
J =K, Zﬁ Jtutern) = vttt
~Ey z 8! / Nikr (4/(ci) = Vi — BB [(1+ 0w (cia1)] ) (dd)

N
- Eo Z /3 / i,b,t < (Ci,t) — Vibt — BE; [ﬁtﬂ U/(Ci,t+1)‘|> Z(dz‘)

t+1

—EoZﬁ / ot (0 (L) — wrys o (e3,)) 0(di)

LB B (m(m Y-

! (¢ — )Yy — BE; [Ty (I 4y — 1)Yt+ﬂ) ;
=0

In the previous expression, we have used the fact that when the credit constraint is binding for
agent ¢ at period ¢, (v ¢+ > 0), then there is no Euler equation to consider (\; ;¢ > 0); in other

words: Vi i Nkt = ViptNipe = 0. With y_1 = 0, we obtain after some manipulations:

J = EoZﬁt/ (ci) — v(li))l(di) — Eo iﬁt/(/\i:k,t -1+ ""f())\i,k,tq) ' (cip)l(di) (58)
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Using (58), the Ramsey program (22)—(31) can now be expressed as: max .J on (By, Ty, I1;, wy, rk,

RN by, 7] ,Rt Ko, L, Ye, Gy (Cits it bigs ki, v th, ft) ) subject to the same set of constraints,

t>0’
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except the individual Euler equations for consumption (27) and the Phillips curve (30). Note
that we could also write the Ramsey program using the sequential representation (as in equations
(15)), but at the cost of tedious notation.

A.2 First-order conditions for the flexible-price economy

The flexible-price program implies k = 0, and hence (; = II; = 1. Profits are also null. Taking

advantage of the post-tax notation, the allocation is the solution of:

max J
(Bt,Tt,wt,Tf(,Rév7(li,t,bi,t7ki,t)i)

cit=—kig—bis+ 1+ 1+ RNy +weyiglis + Tt
Gt + RiVBt_l + TtKKt_l + tht + Tt = Bt + }/t - 5Kt_1,

and where we use K; = [, k; £(di), = [ b l(di), Ly = [, yisliil(di), Yy = Z,KP L~

The Lagrangian can be expressed as follows:
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Derivative with respect to w;.
0= /&i,tyi,tli,tg(di) + /)\i,l,tyi,tul(ci,t)g(di)'
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)

Derivative with respect to Riv . As in the real case, we have:
Q/Mw1w@mwuo+/ﬁmmhwwn_o. (60)
K] K2

Derivative with respect to k;;. For unconstrained agents:
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while for constrained ones we have k;; = 0 and Ay ;; = 0.

Derivative with respect to 0;;. For unconstrained agents:
iy = BE, [Rﬁlwi,tﬂ} 7

while for constrained ones we have b;; = 0 and A+ = 0.

Derivative with respect to [; ;.

N w
O (L) + X0 (L) = weyiy <1/1i,t + ﬂtwt> .
t

Derivative with respect to 7.
/ i l(di) <0, (61)
i

with an equality when T; > 0.

B Proof of the equivalence result of Proposition 1

The first step is to simplify the expression of the Ramsey program (22)—(31). Using post-tax
notation, we can remove the taxes 77, 7/, and 7 from the Ramsey program since they can be
recovered from post-tax and pre-tax rate wy, r{( ,and RYN, as well as w0y, ftK ,and RN using the
relationships (9)—(10). We can also remove the pre-tax nominal rate R}, as it does not play any
role (only the post-tax rate is determined). The before-tax rates w; and #< can also be taken
out of the Ramsey program, as they can be recovered from the allocation and the markup (;
through equations (2) and (5). The profit can also be removed from planner’s instruments as
it does not directly appear in the program and can be deduced from its definition (8) and the
allocation. The second step is that we can reformulate the Ramsey program by setting R, = %.
Since the planner chooses both R¥ and II;, this change of variable has no impact on allocation.
The path of (RN); can be deduced from the paths of (II;); and (R&;);.

We can then write the Ramsey program as follows:
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R max Wo, (62)
(Bt7Tt7HtﬂUt,7"tK,Rt7Kt,Lt7Yt7Ct7(Ci,t7li,t7bi,i7ki,t7V?7taVﬁt)i)
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for all i € T: ¢ ¢+ kg + biy = (1 4+ 7)) ki1 + Ribis1 + weyislic + Th, (64)
big > —b, v} (biy +b) =0, v}, >0, (65)
kig > 0,vf ki =0, vF, >0, (66)
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(T~ 1) = S22 = 1)+ B [ (s — )7L, (71)

without further constraints. In the program (62)—(71), the instrument ({;): only plays a role in the

Phillips curve (71). The instrument ((;); and the Phillips curve as the constraint can be removed

from the Ramsey program and substituted by the constraint SE; [’Ht+1(Ht+1 — l)Yg ! ]} < 00,
which ensures that the Phillips curve can then used to deduce the path of ({;); from the paths of
(I1;); and (Y7);.

It then follows that the Ramsey program simplifies to the set of equations (62)—(70), without
((t)¢ as instrument. Inflation then only appears in the government budget constraint (63) as a
cost. This makes it clear that any deviation from price stability (i.e., I = 1 at all dates) shrinks
the feasible set of the planner and is hence avoided by the planner. This proves Proposition 1.

To see more precisely that the planner refuses any deviation from price stability, assume
that the planner optimal allocation is (B, Ty, Iy, wy, i<, Ry, Ky, Ly, Yi, (Cits ity big, i, Vﬁt, Vzlft)i)t
and that there is a date ¢y in which the planner chooses to deviate from price stability: II;, #
1. Consider the allocation (By, T}, I}, wy, v, Ry, Ky, Ly, Y1, &, (Chps Lits birt, Kt l/gt, V{ft)i)t that is
identical to the initial one, but for the transfer, inflation and individual consumption. We define
for all t # to: T} = Ty, I}, = II;, and Cg,t = ¢ and for to: T) = Ty, + 5 (I, — 1)2Y;,, IT;, = 1, and
cg’to =cit+ %(Hto — 1)2Y1¢0 > ¢; 4. In words, the prime allocation is the same as the non-prime
one, except at date ¢y, where gross inflation has been modified from II;, # 1 to 1 and the output
destruction % (IT;, —1)®Y;, that has been avoided has been transferred to agents via the lump-sum
instrument. It is easy to check that the prime allocation is feasible (i.e., that it verifies all

constraints (63)—(70)) and that it implies a strictly better aggregate welfare (labor supply is
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unchanged, consumption at date tg is strictly higher and consumption at other dates unchanged).
This contradicts that the non-prime allocation is optimal and shows that the planner never

chooses to deviate from price stability.

C Program with suboptimal fiscal policy

Because pre- and post-tax rates cannot be set independently, nominal frictions cannot be
suppressed in this setup. We have two additional Lagrange multipliers: (i) 5!Y; on the no-
arbitrage condition (43), and (ii) 8'T; on the zero-profit condition (42) of the fund. In this

context, the planner’s objective can be written as:

2

L=EY f / (u(eis) — v(lie)E(di)
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Because of exogenous fiscal rules, the planner’s instruments are: a;¢, l;¢, for individual

variables and Rf ’N, ry, II; and (; for aggregate variables.

Derivative with respect to Rig N

1

r _
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1A iiq
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Derivative with respect to II;.

REY
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Derivative with respect to r;.
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(2
Derivative with respect to a;;. For unconstrained agents:
iy = PE (1 + 7441) s 441 (76)
o .
+ BfEt Wiy1 /yj,t+1 (Vja1lji01 + Mijrru' (cjig1)) g(dj)]
t L J
« [ e—1
— BB <(%+1 = e (e = 1) = ——741(G+1 = 1) ) Yo
t L
a | K 9 1
BB (b | Yerr (1 — §(Ht+1 —1)7) = =(re1 + 0) Kt — w1 Lt
t L e
a—1 5 _
— BB (750 +0) (BT 4 Do (1= 71K ) |
¢

+ BE; [Ft+1(7‘t+1 —(1- Tgﬂfﬁﬂ} ;

while for constrained ones we have a;; = —a and \;; = 0.

Derivative with respect to [; ;.

1 / )‘ilt " 1 / / .
it = l; o l; — ; y AL ) A(d 77
Vi wtyi,tv( ) s ( ,t)+0<Lt jya,t (jelje + Mg (cje)) €(dj) (77)
1—a N _
-+ [,uttht‘f'(TtK—F(S) (,8 1Tt_1 +Pt<1—TtK)Kt_1):|
Wy Lt
1—a e—1 K
— (T — 1) — —1)— 1— (I — 1)?) ) v
+ ((% Y1) (I — 1) - Y(G — 1) Mt( 5 (Lt ))) f

Derivative with respect to 7;.

MS/WMM,
J

with equality if T} > 0.

D The truncated representation

We derive the planner’s first-order conditions for truncated economies.
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D.1 The aggregation procedure

As explained in Section 2.6, the sequential representation characterizes the equilibrium of the full-
fledged model by sequences of functions depending on the full aggregate and idiosyncratic histories
of agents. Our aggregation procedure involves expressing the model based on so-called truncated
histories, which are N-length vectors h := (y_n41,-..,%0) representing agents’ idiosyncratic
histories over the last IV periods. The quantity N > 0 is the truncation length. Loosely speaking,

we can represent the truncated history of an agent i whose idiosyncratic history is y' as:

h h h h h h
v ={ . N N N Y N YL Y (78)
=h

where h is the truncated history, corresponding to the idiosyncratic history over the last N
periods. We now turn to the different steps of the aggregation procedure. We denote by H := YV
the set of all truncated histories.

First, the measure of agents with truncated history h, denoted by S}, can be computed as:

Sy = Z Sﬁﬂflh’ (79)
heH

where 77, is the probability to switch from truncated history hat t — 1 to truncated history h at
t. It is equal to:

T = 1htﬁ7ry{}y{;’ (80)

and thus to the probability to switch from current productivity level yél to current state yf if h
is a possible continuation of i (denoted by h = h).

Second, the model aggregation implies to assign consumption, saving, and labor choices
to groups of agents with the same truncated history. For the sake of simplicity, we will write
truncated history for “the group of agents sharing the same truncated history”. Take the case of
a generic variable, denoted by X;(y!, 2'), where we make the dependence in y* and 2 explicit.
The quantity assigned to truncated history h € H is denoted by X;; and equal to the average

value of X among agents with truncated history h. Formally:

Xop = z X', (1), (81)

St’h t t t t
YLEV!| (Yl yq eyl =h

where 6;(y') is recalled to be the measure of agents with history y*. Definition (81) can be applied
to the average consumption, the end-of-period saving, the labor supply, and the credit-constraint
Lagrange multiplier respectively and lead to the quantities c; p, a¢n, Iy p, and vy .

Third, we compute the aggregate beginning-of-period wealth. Applying definition (81) to

period-t beginning-of-period wealth requires to account that agents transit from one truncated
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history at ¢ — 1 to another at ¢. The beginning-of-period wealth @, j, for truncated history h is:

gp =

hen '

Stfl,fz

M1 (82)

Fourth, the aggregation of the different equations characterizing the equilibrium is rather
straightforward except for Euler equations — which involve non-linear marginal utilities. Indeed,
the marginal utility of consumption aggregation (u’(c;p)) is different from the aggregation of
marginal utility (u;): w'(ctn) # uyp,;- The ratio of these two scalars will be denoted by &,
which guarantees that Euler equations hold with aggregate consumption levels. Similarly, we

denote by & ;5 the parameters associated to the labor Euler equation.

D.2 The truncated model

We can now proceed with the aggregation of the full-fledged model. First, the aggregation of
individual budget constraints (45) using equations (81) and (82) yields the following equation:

agp +cpp = wtygluh + (L +ry)agn + T, for h € H. (83)

The aggregation of Euler equations for consumption (16) and labor (18) implies:

&’ (cen) = PE; {(1 +ree1) D & (e i) | F Vs (84)
h>=h

&1 (L) = wiyh&nu (con)- (85)

The system consisting of equations (83)—(85) is an exact aggregation of the full-fledged model
with aggregate shocks in terms of truncated idiosyncratic histories. This system characterizes
the dynamics of the aggregated variables c; 5, at , I, and v ), without any approximation.

Finally, we express market clearing conditions (19) using aggregated variables:

K, = Z Sihaen, Li= Z SerYlin. (86)

heH heH
The parameters s that appear in the aggregated Euler equations (84) are key in our method.
We both show how to compute them using steady-state allocations and how these computations

can be used to simulate the model in the presence of aggregate shocks.

Steady-state and computation of the £s. At the steady state, the computations of the
parameters £s can be done based on allocations. Indeed, we can compute the stationary
wealth distribution of the full-fledged model (using the individual equations) and identify credit-
constrained histories. We can then compute aggregate (steady-state) allocations, ¢y, ap, I, and

vy, using equations (81) and (82). Then, consumption Euler equations (84) and (85) can be
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inverted to compute the parameters (£,), and (&,5) capturing the within-history heterogeneity
in consumption and labor. Actually, this computation involves only standard linear algebra, and

we provide a closed-form expression for the £s — see equations (100) and (101) in Appendix D.5.

The truncated model in the presence of aggregate shocks. To use our truncation

method in the presence of aggregate shocks, two further assumptions are needed.

Assumption A We make the following two assumptions.
1. The parameters (&p)n and (&), remain constant and equal to their steady-state values.

2. The set of credit-constrained histories, denoted by C C H, is time-invariant.

The resulting model (i.e., the aggregated model with Assumption A) is called the truncated
model. We therefore use the s twice: (i) once exactly to estimate them using the steady-state
allocation; (ii) once approximately to simulate the model in the presence of aggregate shocks.??

Finally, two properties are worth mentioning. First, by construction of the s, the allocations
of the full-fledged Bewley model and of the truncated equilibria coincide with each other at the
steady state. Second, truncated equilibrium allocations (in the presence of aggregate shocks)
can be proved to converge to those of the full-fledged equilibrium (and the &s to 1), when the
truncation length N becomes increasingly long. Furthermore, from a quantitative perspective,
Section 5 shows that the £s are an efficient tool to capture the heterogeneity within truncated

histories, even when the truncation length is not too large.

D.3 Ramsey program

Thanks to its finite state-space representation, the truncated model makes it possible to solve
the Ramsey program in the presence of aggregate shocks, which is a challenging task.?> The

Ramsey program in the truncated economy can be expressed as follows.

~ max B[S B S Shén(ulcon) — ollon)) . (87)

(we,re, 71 RN, T BTy K, Le e oG (@ oo noben)n)e>0 - |1—0 heH

subject to aggregate Euler equations (84) and (85), aggregate budget constraint (83), aggregate
market clearing conditions (86), credit constraints a;; > —a, as well as constraints that were

already present in the full-fledged Ramsey program: the governmental budget constraint (23),

22 Assuming that the &s are constant in the dynamics is equivalent to assuming that the distribution of agents
within the truncated history is constant. This has the same spirit as assuming that the distribution within bins of
wealth is uniform in the histogram method of Reiter (2009), among others.

23Note that we derive the first-order conditions of the truncated model, and we do not truncate the first-order
conditions of the full-fledged Ramsey model. This ensures numerical stability, as the truncated model is “well-
defined”. It can be indeed considered as a model with limited insurance. See LeGrand and Ragot (2022a) for this
expression and for the convergence of the FOCs of the truncated model toward the ones of the initial model.
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the Phillips curve (30), the definition (2) of (;, the one (4) of Y;, the ones (9) and (10) of after-tax
rates r¢, rf , Riv and wy, the zero profit condition for the fund (42), the no-arbitrage constraint
(43), and the relationship (5) between factor prices.

As in Section 2.7, it is possible to use the tools of Marcet and Marimon (2019) to rewrite
the Ramsey program. The truncation adds no complexity to the formulation of the planner’s
objective. First-order conditions can similarly be derived as in the general case, and we obviously

have the same equivalence results.2

D.4 Program in the economy with sub-optimal fiscal policy
D.4.1 Program formulation

We take advantage of the equivalence result to simplify the program expression, which is:

max Eo i Y [St,h <U(Ct,h) —v(lin) (88)

(RN r4,Ct,By(aehoCe ol n)hern )0 1= heH

— ()\t,h —Aen(1+ Tt)) fhu'(Ct,h)) — Nit.h (&,hvl(lt,h) - wtygfhu/(ct,h)))]7

St con +apn = wyplon + (L+r)ag, + T, (89)
S ~
agp > 0 and dt,h = Z Wﬁhg;lyhat—l,h’ (90)
gNeyN bh
~ 1
Ath = S Z St 1 N1 TR (91)
bh hen
Kt = Z SchCLtJL - Bt, Lt = Z St,hy}(zlt,ha (92)
h h

and subject to other constraints that are the same as in the individual case (government budget
constraint, Phillips curve, fund no-arbitrage condition, fund zero profit condition, the definitions
of ¢ and of profits).

D.4.2 First-order conditions

We define the net social value of liquidity for history h similarly to definition (32):

Yr = Epu (cop) — ()\t,h — Mn(1+ Tt)) e’ (cep) + Npybwd” (cop).- (93)

The FOCs with respect to Riv , and II; are unchanged compared to the individual case.

24 A final aspect regarding the truncated Ramsey program is that its solutions can be shown to converge to the
solutions of the full-fledged Ramsey program (if they exist), when the truncation length N becomes infinitely long.
See LeGrand and Ragot (2022a, Proposition 5). This convergence property is the parallel of the convergence result
regarding allocations of the competitive equilibrium.
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Derivative with respect to r;.

0= Spatinien+ > Seahenént! (copn) + (T — pe) A1 (94)
heH heH

Derivative with respect to (;.

0=w Z Sently (Lepen + Mt (con)) — wipe Ly
heH

e—1 N _
+ - GnYy — (FF +6) (5 M +Ty(1 - TtK)thl) .

Derivative with respect to a;;. For unconstrained truncated histories (i.e., vy = 0):

VY, = BE, {(1 1) Y Wh;;ﬂ;tﬂ,;}] + BE, [Ft+1(7‘t+1 —(1- Ttl-i(-l)f{j-l)} (95)
heH

[0 .
+ ﬂEEt Wes1 Y Senvt (Lrneern + Merrnt! (cerrn)) (dj)
heH

o T
- ﬁfﬂi‘:t <(’Yt+1 — ) ey (g1 — 1) —
L

e—1

Yer1(Ge1 — 1)> Yir

a [ K 1
+ B—E¢ |41 <Yt+1 (1 — —(IIgq — 1)2> — —(re41 + 0) Ky — wt+1Lt+1>
Ky [ 2 «

- B

«

];tlEt [(ﬁﬂ +9) (571Tt + L (1 - Tt{il)Kt” :

For constrained agents, we have a; +a =0 and A\ j, = 0.

Derivative with respect to [; ;.

1 A 1
Yin = —5 0 () + 50" (lp) + oz D Suntly (entben + Mentd (cen)) (96)
WY WY then
l -« K -1 K
wils (,uttht + (7 4 0) (ﬁ Y1 +T:(1—7 )Kt—l))
11—« e—1 K
— o)L (I — 1) — —1D) = (1— =1L —1)2) )Y,
iy ((% Ye—1)He (I; — 1) - (¢ — 1) ,Ut< 2( ¢t —1) )> f

Derivative with respect to T;.
> Sentben < s (97)
h

with equality when T} > 0.
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D.5 Matrix representation of the steady-state allocation

At the steady-state, we have Z = 1, and the FOCs (72) and (74) (with respect to RN and II;)
imply that IT = 1, and using the Phillips curve, ¢ = 1.2°

In this section, we provide closed-form formulas for parameters £s and the Lagrange multiplier,
so as to solve the steady-state model. We will denote by o the Hadamard product and by x or
an absence of mathematical sign the usual matrix product.

The matrix representation consists in stacking together the equations characterizing the
steady-state, so as to provide a convenient matrix notation for solving the steady state. It also
provides an efficient solution to compute the values for the s and the Lagrange multiplier. We
recall that there are Ny, truncated histories and we assume that the set of truncated histories is
endowed with a total order that is used for indexing vectors and matrices. In other words, (z1)n
implicitly assumes that all elements x; are collected along a given order that remains identical
from one vector to another.

Let S be the Ny -vector of steady-state history sizes that is defined as S = (Sy). Similarly,
let a, ¢, and v be the Nyy-vectors of end-of-period wealth, consumption, credit-constraint
Lagrange multipliers, respectively. These vectors are known from the steady-state equilibrium of
the Bewley model. Denote by I the (Nyot X Nio)-identity matrix, 1y,,, the (N X 1)-vector
of 1, and II as the transition matrix across histories. We obtain the following steady-state

relationships:

S=II"S, (98)
Soc+Soa=(1+rI"(Soca)+SoWol, (99)

where (98) is the dynamics of history sizes and (99) is the history of budget constraints.

Euler equations (84) and (85) imply that we are looking for vectors £* and £€" such that:

€ ou'(c) =B(1+rII(E" o/ (c)) + v, (100)
£ o' (l) = w€" oy ou'(e), (101)
where the matrix II" (the transpose of II) is used to make expectations about next-period
histories and where u/(c) assumes that the function applies element-wise (and thus denotes

(u/(cp))p)- Finally, for any vector &, we denote by D, the diagonal matrix with & on the diagonal.
We deduce from (100) that £“ is defined by the following closed-form formula:

u'(c)oé = (I—pB01+rII) . (102)

We then use &Y o v'(l) = w&" o y o u/(¢) to compute &£°.
We set an initial guess value for p. We start with the definitions of the A.s and of the s of

25We remove the ¢ subscript to denote steady-state quantities.
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equations (91) and (93):

So 5\0 = HT(S © )‘C)v (103)
P = €% 0u/(c) — Dguoyr(e) ()\C — (147X —wyo )\l) : (104)

Combining these two equations yields:
Sop=8S0€"0 ’LL/(C) —_ D{“ou”(c) (I — (1 + T)HT) (S o Ac) + Dwyo&“ou”(c)(s o >\l)7 (105)

where o is commutative and for any vectors @ and y: x oy = D,y and DyDy = Doy

We also denote: £ = >. The FOC (96) for labor becomes:
Soy = 15 €% 00/ Le SoA
op= LGo& 0u ) + € o W) o (S0 N)
K\g ~
o) T (56T (s 0w) 4 S(E" oul(e) (S 0 K))

+ a% (S(y ol)T(Sovp)+S(yothou(c) (So 5\1))
- ﬁu —a) (Y = (r+ (1= 7)9)A —wL) 8.
Denoting Mo = wLI — (o — 1)(r + (1 — 7%)§)Sa’ — awS(yol)T, we have:
MyS ot = (a—1)(r+ (1 —75)8)(S(€ o/ (e)) 'TIT)(S o A,) (106)

(D g gy +aw(S(y o€ ou(e) TTIT))(S o Ny)
+LSowof o (1) —pu(l—a) (Y— (r+(1 —TK)é)A—wL) S,

where it should be observed that S(£“ o u/(c)) 'II" has the dimension (N X 1) - (1 X Nyot) -
(Ntot X Niot) = (Niot X Nyoy) and is a matrix. Similarly, S(€“ou/(c)oy) I, Sa', and S(yol)’
also have the dimension (N X 1) - (1 X Niot) = (Niot X Niot) and are matrices.

Using (105):

Sop=woSof"o ul(c) - Déuou”(c) (I - (1 + T)HT) (S ° }‘c) + Dwyoﬁ“ou”(c)(s © Al)a
we deduce:

MywoSot ou(c)—LSowo€ ov'(1)+ pu(l—a) (Y— (r+(1 —TK)d)A—wL) S
= (MoDguoriey (T = (141 ) + (@ = 1)(r+ (1 = 7)5)S(€" 0/(¢)) 'TL") (S 0 Ac)
+ (_MUDwyOEMOU”(C) + DLguov”(l) +awS(yog"o u/(c))THT)(S o A),
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or:

SoXe=Ly(SoN)+ o, (107)
where: Lo = MoDguoyre) (= (14 7)) + (@ = 1)(r + (1= 75)8)S(£" 0 w/(e)) TI",
Lo =Ly (MoDyyegrow(e) — D g0y — 0w(S(y o € 0w/ () TILT)),
wo =Ly (MowoSog ou/(c) — LSowo€ ov/(1)
+u(1 =) (Y = (r+ (1= 75)8)A —wL) §) .

We now turn to the Euler-like equation (95) that holds only for unconstrained histories. We

introduce the matrix II¥ defined for any vector x as:
MY (Sox) =S o (), (108)

and the matrix P, which is the matrix with one on the diagonal if the history is unconstrained

and 0 otherwise. With this notation, equation (95) becomes:

P(So) = B(1+7r)PII¥(S o) (109)
- %a D+ 01 -%)5P (szﬁ(s o)+ S(€ ou/(c) (S0 S\C))
+ %awP (Stwol)T(Sow)+S(yog ou(c) (SoX))
B

+ ?P,u (aY —(a=1)(r+ (1 -75)8)4 - (r+6)K—awL) S,

Denoting: L1 = I — (1 +7)IIY — L(a—1)(r+ (1 —75)5)Sa" — LawS(yol)T, equation (109)
becomes:

p

PL\(Sov) = K(a —D(r+ (1 -7 PS¢ o u/(c)) TTIT (S0 A,)
+ %awPS(y oo (e)) I (S o)
+ %Pu (a¥ = (a=D)(r+ (1= 7¥)0) A= (r + )K — awL) S.

Using (105) to express S o 1, we obtain:

P (LiDerouriey (T- (14 0ILT) 4 2o+ (- rF))S(E" o w(e) T ) (S0

= PLiwoSo&“ou(c) — %Pu (aY —(a-1)r+1-5A-(r+0)K - awL) S

+P (ilDwyoguou"(c) — %awS(y 0&“o u'(c))THT> (SoX).
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We finally deduce:

PLy . (SoX.)=PLy;(So\)+ Pz, (110)
where: Ly =TI — (1 +r)II¥ — %a ~D(r+0-7%)88a’ - %awS(y ol)',
Lic= LiDguoyr e (I —(1+ T)HT) + %(a —1)(r+06)S(& o u'(e)) I,
Liy = EaDyegecnic) — meowS(y o €40 u'(e)) T,

x1 = LiwoSot o (c)

-k (aY —(a-D)(r+1-)A—-(r+ 0K — awL) S.

We also have for unconstrained agents: (I — P)(S o A.) = 0, which yields with (110):

SO)\C:IQ(SOAl)—I—.’BQ, (111)
where: Ly = (I — P+ PLy.) 'PLy,,
xy=(I—-P+ PLy ) 'Pz.

Combining (107) and (111), we obtain:

So) = —(Lo — Lg)fl(wo — :122),
Sol.=xy — LQ(LQ — Lo)fl(wg — CC()),

and we deduce:

Sotp=Sog" ou(c) ~ Devayrie) (I = (14 7)) @ + Dyyogrown()(So X),  (112)

+ (Degvou(e) (I —(1+ r)HT) — Doyyogroun(e) (Lo — La) " (ao — x2).

It remains to iterate on p until FOC (97) holds, or: u =17 (S o ).
We then compute the steady-state value of other Lagrange multipliers using the FOCs (72),
(73), and (94):
Lo (a7 (S ow) + (€ 0 u(@) T (SoA))
S'a
T=p3(1-75rB,
e—1
K

W = (7 +0) (BT 41,1 = T)K) + wpl

—w(yol) (Sow) —w(you'(c)) (SoN).
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E A robustness check: The refined truncation

E.1 The refinement method

The refinement method, developed in LeGrand and Ragot (2022c), consists in considering
truncated histories of unequal length, instead of truncated histories of the same length N, as
in Section D. The idea is that some histories that are particularly large or heterogeneous
would benefit from longer length. For example, with two idiosyncratic states (corresponding
to high productivity y2 and to low productivity y1), the set of truncated histories of length
2 is {(y2,92), (y2,v1), (y1,92), (y1,91)}, where (y2,y2) and (y1,y1) are typically the two largest
truncated histories, since productivity is persistent. In that case, the refinement method allows
one to split these larger histories, without affecting the shorter histories (y2,y1), and (y1,y2).
For instance, the history (y2,y2) can be refined into (y2, y2,y2) and (y1,y2,y2), such that the set
of truncated histories is now {(y2,y2,¥2), (1, ¥2,%2), (¥2,¥1), (Y1, y2), (¥1,%1)}- It can be checked
that: (i) this set corresponds to a proper partition of idiosyncratic histories (every infinite history
admits a unique truncated representation in the set) and (ii) the transition matrix between set
histories is well-defined.?%

With k idiosyncratic states, the refinement method works as follows. We denote a set of
refined truncated histories by R(N, (N;)i=1,... k), where N is the uniform truncation length (on
which the refinement is based), and N; > N is the longest refinement history for the state
i. The construction is recursive and follows the same steps as the above example. It starts
from the set R(N, (N)i=1,.. k) of uniform truncated histories that are all of length N. The first
refinement step consists in substituting for the history y{v = (y1,.-.,y1), the set of histories

AR

N
{(yisy1,---,y1) 19 =1,...,k}. Thisyields the set R(N, N +1, (N;)i=2 ) of size kN +k—1. The
—_—

N
second step consists in refining the history y{V‘H = (y1,...,y1) into {(yi,y1,...,01) i =1,...,k},
— —_—

N+1 N+1
which gives the set R(N, N 42, (N;)i=2,.. ) — of size kN 4-2(k —1). These steps are repeated until

we obtain R(N, Ny, (N;)i=2, k), which is of size kY + (N; — N)(k — 1). Furthermore, this set

implies a well-defined mapping between infinite and truncated histories, as well as a well-defined

transition probability matrix. The same method can be applied to any other history of the

form le = (Yi,...,y;) with i = 2,... k. This finally generates the set R(N, (N;)i=1,.. %), with
ARG

N
EN + (k—1) X% (N; — N) elements.

The truncation method can then be used as in the uniform case of Section D. Equations
characterizing the Ramsey allocation in Section D.4 and the matrix representation of Section

D.5 remain valid once the proper transition matrix has been computed (see equation (80)).

26The last point does not hold in general. Indeed, {(y2,¥2), (¥2, y1,y2), (y1,v1,%2), (y1)} corresponds to the
refinement of {(y2,y2), (y1,y2), (y1)} (through (y1,y2)) but does not yield a well-defined transition matrix.
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E.2 Quantitative application to the model of Section 5

We consider a refined truncation based on a uniform truncation with NV = 5. We then consider a
common refinement length of 20 periods for all constant histories (of the form yN = (y;,...,v:))-
The number of truncated histories with positive size increases to 907 from 727 with the uniform
truncation method. We report in Table 5 the second-order moments associated to the simulation
of the benchmark economy and the economy with time-varying taxes using the refined truncation

method. As can be seen, the differences with the uniform truncation method are small.

Benchmark Time-varying taxes

Y  Mean 1.43 1.43
Std(%) 1.48 1.47

C  Mean 0.9 0.9
Std(%) 1.33 1.31

K Mean 14.31 14.31
Std(%) 1.54 1.60

L Mean 0.39 0.39
Std(%) 0.28 0.18

7L Mean 0.28 0.28
Std(%) 0.0 0.2
7% Mean 0.36 0.36
Std(%) 0.0 0.2

B Mean 3.64 3.64
Std(%) 0.62 0.62

T  Mean 0.11 0.11
Std(%) 4.56 5.70

1I Mean 1.00 1.00
Std(%) 0.026 0.017

Correlations

corr(ILY) 0.22 0.20
corr(t5.Y) 0.0 —0.52
corr(tl,Y) 0.0 0.52
corr(B,Y) —0.97 —0.97
corr(C,Y) 0.95 0.95
corr(Y,Y_1) 0.98 0.99
corr(B,B_1) 0.96 0.96

Table 5: Refined truncation (20 periods). First- and second-order moments for key variables, in
the three economies (Economy 1 is the benchmark with Fiscal Rule 1; Economy 2 is the economy
with constant inflation rate; Economy 3 is the economy with Fiscal Rule 2).
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F Comparisons with the Reiter method

Since Section E.2 has shown that the uniform and refined truncations yield similar results, we
compare the Reiter method to the refined truncation method of Section E.2 (with N =5 and a
refinement length of 20). We assume full price flexibility and no public spending need (G = 0),

and hence no tax. Table 6 presents the calibration and we still use 5 idiosyncratic states.

Parameter Description Value

Preference and technology

I} Discount factor 0.99
o Curvature utility 1
« Capital share 0.36
0 Depreciation rate 0.025
a Credit limit 0
%) Frisch elasticity labor supply 0.5
Shock process
o Autocorrelation TFP 0.95
o, Standard deviation TFP shock 0.31%
Py Autocorrelation idio. income 0.99
oy Standard dev. idio. income 12%

Table 6: Parameter values in the baseline calibration. See text for descriptions and targets.

First, Figure 5 plots the IRFs for the main variables after a negative TFP shock, calibrated
to 1%. The two models are very close, and almost indistinguishable. Second, we report first and

LY 2.C 3. K
0 0 0.1

o — Reiter

02 04 — — Truncation
-0.1
04 02
02
06 -03 -03
04
08 04
05

-1 -0.5
-0.6

-1.2 -0.6 -0.7
0 0

-0.2 0

-0.4 -0.01

-0.6 -0.02

-0.8 -0.03

-1 -0.04 -03 -
0 20 40 60 80 100 0 20 40 60 80 100 0 20 40 60 80 100

Figure 5: IRFs after a negative TFP shock, in percentage deviation for all variables, except 7 in
level deviation. The black solid line is Reiter method and red dashed line is truncation method.
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second-order moments. First-order moments are similar by construction, as the two methods
involve a perturbation method around the same steady state. Normalized standard deviations
are reported in percent to ease the reading. Again, second-order moments are very close. The

difference is around 10~#, which is a good outcome.

Reiter Truncation

Y Mean 1.4772 1.4772
Std(%) 1.4365 1.4521
C Mean 1.0252 1.0252
Std(%) 1.0554 1.0593
K Mean 18.0831 18.0831
Std(%) 1.3338 1.3667
L Mean 0.3610 0.3610
Std(%) 0.2105 0.2216
r  Mean 0.0044 0.0044
Std(%) 0.0280 0.0286
w Mean 2.6187 2.6187
Std(%) 1.2927 1.2930
Correlations
corr(C,Y) 0.9064 0.9130
corr(Y,Y_1) 0.9668 0.9674

Table 7: First- and second-order moments for key variables, comparing the same model simulated
with the Reiter’s method and the refined truncation method.

Third, we simulate the model for 10,000 periods to report the average and maximum absolute
normalized differences (i.e. divided by the mean of the variables) for Y, C, K, L, w and absolute

normalized difference for » between the two simulation methods.

Y C K L T w

Average 1.60-107% 1.37-107%* 4.73-107* 1.36-10~* 6.37-1076 1.22.1074
Maximum 8.34-10"* 6.54-107* 2.44-107% 6.63-107* 3.51-107° 6.72-107*

Table 8: Average and maximum absolute differences for key variables between the two methods
for simulation over 10,000 periods.
G Unequal profit distribution

In this section, we investigate the case of an unequal profit distribution. This corresponds to the

setup of Section 4, but in which the firms’ profits are unequally distributed to households instead
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of being fully taxed by the government. A s explained in Section 6.2, agents of type ¢ receive a

profit amount equal to (3 Syy) 'y’ Q:, where v > 0 drives how unequal the profit distribution is.

G.1 The Ramsey program

The Ramsey program is similar to the one of Section 4.3, except that the budget constraints of

households and of the government (equations (45) and (48)) are modified as follows:

yz‘”,t
Zy Syyy
By + Y — 0Ki—1 = Gy + By—1 + i A1 +wi Ly + Ty

K
ait+cip = (14 re)ai -1+ weyiilie + 17 + <1 =Gt — §(Ht - 1)2> Yi,

To save space, we directly present the FOCs of the truncated model. The social valuation of

liquidity ) p, is still defined in equation (93).

FOCs with respect to Rf ’N, ry, and Ty, These FOCs are unchanged compared to the full

profit taxation of Section 4.3 and are grouped below:

r _ 1
Ey [(1 - Tt{iﬁit“ By = 7R, ) (113)
Il JIPAR
(e =T A1 = Z St.h (¢t,h&t,h + 5\t,hfhul(ct,h)> ; (114)
heH
Ht = Z St,hd’t,h‘ (115)
heH
The other FOCs are modified with new profit distribution.
FOC with respect to ;.
_ h /
0=w Z Senyo (Lenthrn + Nt (cep)) — wepe Ly (116)
heH
+(6_1v+ Y Sl )CY
= B b
o t T Mt ZysyythH t 0 t t¥e
— ({40 (B + T = ) K a).
FOC with respect to 1I;.
k(I — 1
0= W =) S ) e + (0 — ) (2L — 1) (117)
28 ey
P
—1 K t—
+ (5 Tio1— Ft(l — T )Bt—1> TH%
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FOC with respect to a;;. For unconstrained agents:

Gen = BB | (L4 ri1) D Mty | + BB [Tt+1(7“t+1 - (1= Tgﬂfﬁﬂ} (118)
heH
«
+ IBEEt wir Y Sirn(W)” (Yerinliin + )\l,t+1,hU/(Ct+1,h))]
heH

o 1
+ ﬁfEt [Mtﬂ (YtHCtH - E(TtJrl +0)Ky — wt+1Lt+1>
t
e—1
K

_ ,B%Et [((’Ytﬂ — ) ey (Mg — 1) — Yer1 (G — 1)) Yin

~ BB (7 +8) (57T 4 Tt - ) K)|

(1 — Gt41 — g(Ht-H - 1)2) > St+1,h(yg)y¢t+1,h] ,

heH

o 1
+B—E; | Vi1 =———
, t | Ye+1 Zy S,y

while for constrained agents, we have a;; = —a and Ay = 0.

FOC with respect to [; .

L ALth i
= —_— l D l —(1 - Vit — I
Vi wtygv(t,h)+wtygv (len) — ( a)tht( 2C — weLy)
i e—1
1- — )T — 1) — 1
+( oc)tht ((’Yt YD) = 1) = ——7(G ))
o
=)= (871 T+ Tl = ) Kin)
1
Tar Z Senyl (entben + Nieptd (cen))
Lt i
-(1- — = 1- — —(II: — 1 S v )
( a)tht ZySyy”< Gt 2( t—1) hEZH tn(Y0)  Vtn

The matrix representation to solve for the steady-state values of Lagrange multiplier, is
similar to the one Section D.5, with one exception, which is the steady-state value of the Lagrange

multiplier, v, and which becomes:

—1 (y") " (Sov) . -
Eﬂ nyzY(y(yy)TS—u>+(rK+5)(6 T+ Ty(1 = 7V K) + wpl

—w(yo l)T(S oth) —w(yo u’(c))T(S o).

G.2 The quantitative exercise

We keep the same calibration as in Section 5, but with two modifications:
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1. the inverse of IES is set to 0 = 1.4, instead of 1.0 in the baseline calibration;

2. the Rotemberg cost parameter is set to kK = 20, instead of 100 in the baseline calibration.

This implies a slope of the Phillips curve equal to 6%, as in Bhandari et al. (2021b).

Furthermore, the parameter v driving how unequal the profit distribution is, is set to v = 10.
This implies that the most productive agents hold 99.9% of profits.?” The rest of the calibration
is unchanged compared to Section 5 (including for the idiosyncratic and aggregate shocks).
These values are chosen so as to obtain a calibration closer to the one of Bhandari et al.
(2021b) and ultimately to validate the findings of the sequence of simple models of Section 6. We
recall that these findings were twofold: (i) in the absence of fiscal policy, the IES, the slope of
the Phillips curve, and the unequal profit distribution were key to generate a sizable inflation
response; (ii) a simple fiscal rule could prove to be sufficient to significantly reduce the inflation

response, while being an efficient tool to provide insurance against the aggregate shocks.

1. GDP 2. Inflation
0.2
0 e e e o ———— =
021 1
0 - _—-_-'_"'—-—-
-04 1
-0.6 : : ; -0.2 . A .
0 5 10 15 20 0 5 10 15 20
3. Nominal interest rate 4. Real Rate
0.2 0.05
0fg = e e =5 S e e o OQ\ ==
-0.2 : ‘ ‘ -0.05 : ‘ :
0 5 10 15 20 0 5 10 15 20
0o 5. Consumption ] 6. Debt over GDP
OTS______————-4 0.5 N 1
-0.2 1 N -
-04 : : : 0 : : - i
5 10 15 20 0 5 10 15 20
] 7. tax on labor ] 8. tax on capital
S e _ ]
0 0
\___ e ——_——— -
-1 : : : -1 : : :
0 5 10 15 20 0 5 10 15 20

Figure 6: Impulse response function after a negative productivity shock for relevant variables.
The black line is the benchmark economy with Fiscal Rule 1 and optimal monetary policy. The
red dashed line is Economy 2, where we impose II; = 1. The blue dashed line is Economy 3 with
time varying taxes and optimal monetary policy.

2TWe checked that increasing v further has a negligible impact on model outcomes.
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As in the main text, we consider three economies. Economies 1 and 2 are the same as in Section
5 and both implement Fiscal Rule 1, characterized by (of, 0%, o<, 0%, o7, aP) = (0,0,0,0,8.5,4).
Economy 1 considers the optimal inflation response (given fiscal policy 1), while Economy 2 sets
a constant inflation II; = 1 for all dates. Economy 3 implements Fiscal Rule 3, corresponding to
the set of parameters (oF, 0% off ol o7 oB) = (—0.6,-1.8,0.9,0.7,8.5,4), and where capital
and labor tax rate are time-varying, and where inflation is optimal. The IRFs are plotted in
Figure 6. This confirms the two findings of the simple models of Section 6.1. First, in the absence
of time-varying taxes (but with Fiscal Rule 1), the maximal inflation response approximately
amounts to 0.15%, which is close to the value of Bhandari et al. (2021b). Second, a simple fiscal
rule can sizably decrease the inflation response, while offering better insurance, as can be seen

through the aggregate consumption path, which overall dominates the no-rule case.

Economy 1 Economy 2 Economy 3

Y  Mean 1.37 1.37 1.37
Std(%) 1.41 1.42 0.47
C  Mean 0.94 0.94 0.94
Std(%) 1.08 1.10 0.48
K  Mean 13.74 13.74 13.74
Std(%) 1.61 1.63 0.19
L  Mean 0.38 0.38 0.38
Std(%) 0.31 0.17 1.06
7l Mean 0.28 0.28 0.28
Std(%) 0.00 0.00 2.34
% Mean 0.36 0.36 0.36
Std(%) 0.00 0.00 1.56
B Mean 13.45 13.45 13.45
Std(%) 0.16 0.16 0.19
T Mean 0.11 0.11 0.11
Std(%) 5.03 5.92 15.44
II  Mean 1.00 1.00 1.00
Std(%) 0.68 0.68 0.07
Correlations
corr(IL,Y) 0.20 0.00 0.70
corr(T5,Y) 0.00 0.00 —0.76
corr(tl,Y) 0.00 0.00 0.69
corr(B,Y) —0.96 —0.97 —0.81
corr(C,Y) 0.94 0.93 0.64
corr(Y,Y_q) 0.93 0.96 0.58
corr(B,B_1) 0.96 0.96 0.96

Table 9: First- and second-order moments for key variables, in the three economies (Economy
1 is the benchmark; Economy 2 is the economy with constant inflation rate; Economy 3 is the
economy with time-varying fiscal policy).
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These two points are also confirmed by the second-order moments of Table 9. It can be
observed that Economy 3 — with a time-varying fiscal rule — features a lower volatility of GDP,
aggregate consumption, and inflation, compared to Economy 1. The volatility reduction is sizable
and is approximately twice smaller for aggregate variables and ten times smaller for inflation.
The comparison of Economies 1 and 2 furthermore shows that despite a sizable inflation response,
inflation is a rather inefficient insurance tool for redistribution, as the volatility reductions of

GDP or aggregate consumption are modest — especially, compared to the fiscal rule.?®

H Pareto weights and optimal fiscal policy

In this section, we explain how using Pareto weights in the social welfare function enables us to
jointly consider optimal fiscal and monetary policies — with a missing instrument to avoid the
equivalence result of Section 3. We assume here that the capital tax does not vary along the
business cycle and is fixed at its optimal steady-state value Tgs.

Instead of considering a utilitarian aggregate welfare, we consider a general welfare function
that depends on the weights on the utility of each agent. We assume that these weights are con-
sistent with the sequential representation, and depends on initial conditions and idiosyncratic and
aggregate history. The weight of an agent i € Z is w; s = wi((a—1,%0), y!, '), where the sequence of
weights satisfy 1 = [; wiel(di) = 3 reye Yyoey fa_le[_aﬁoo) wi((a—1,0), 4%, 21)0:(yH) A(da—1, yo)
for t > 0. These weights represent the relative importance of each agent in the planner’s objective
and will be calibrated in our quantitative exercise below, so as to match the US fiscal and

monetary policies at the steady-state. Formally, the aggregate welfare criterion is:

WO = Eo [Z ﬂt /wi,t (u(ci,t) — U(li’t» E(d’b) . (119)
t=0 g

We consider the same setup as in Section 4, except that taxes are not determined through rules
(50)—(52), and obviously that the planner’s objective is defined in (119). The Ramsey planner’s

program now involves the labor tax and can be written as:

max Wo, (120)

L - <K BN
(Tt ST wire W, T Ry 7Bt7Kt7Lt7Ht7(ai,t»ci,t7li,t7Vi,t)i)t>O

subject to: 7F = 7k, and the same constraints as in Section 4.3 (but the fiscal rules).

To save some space, we directly solve for the truncated model.

281t is noteworthy to recall that the rule that we have chosen is not optimal by any criterion and a very large
number of rules could provide a very similar conclusion.
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H.1 The truncated Ramsey model

The truncated Ramsey program can be written as:

max Eo i 5t Z [St,h <wh (ﬁz’ou(ct,h) - g;}L’OU(lt,h))

((at,h7Ct,hvlt,h)h67-£7wt77“t7mtft»Bt:Tth)tZO =0  hey
Y / v,1 7 u,l
—(Aen = A1+ 7)) (ern) — A (ft,hv (len) — weyenp, u (Cnh)))},
subject to truncated-history constraints:

Ctp + app = wtyévlt n+ (1 +re)agn + T,

g p = Zﬂ-hh Sin at—mv
heH ’

to aggregate constraints:

Gy +r(Bi—1 + Ky1)+wly =B — By — Ty + (1 — H) K Ly — 0K 1,

2
€ — Y;H—l
(I — 1) = (Ct —1) 4 BEIL 41 (I — 1) —— %
t
1 (7 4+6\" 7 w \'@
Gt = A < t ) (1 _t ) Ay = Ky + By = Z Stnagp, Ly = Z St,hy(])vlt,h,
¢ a a hey hey
and to interest rate constraints:
RN 3 RN,
By | | =B [14+ 7], (= (1= 57 A = (1 - ) (55 — 1= 7B (121)
P I

The Lagrangian associated to the previous Ramsey program is:

L=Eyy B [Z Sih (wh (& ulern) = & v (i)

=0 |hey
u,l 7
= SinAen — Aep (L4 710))én0 (crn) ZAlthSth<§thU(lth) WY hé), U(Ct,h))
hey hey
e—1 1 (#FK+6\"/ @ '™
— (v — v (I — 1)Y; — | - 1Y,
(v = ye-)Ie(Ile = 1Yy + — ’Yt(Zt< - > (1—a> )Y

K
+ [t (Bt — (1 — 5)Bt,1 -Gy =T, + (1 — §(Ht — 1)2)}/15 — (’l“t + 5)At,1 — ’U.JtLt>

Rtj\il ~K K\/=K Rizvl
m (L +7)) + TalreApr — (1 — 7 ) (7 K1+ ( m 1)Bi-1)

+ ;Tt—l(
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H.2 First-order conditions

We define the net social value of liquidity, 1[1, as follows:
N ,0 B Y B 1
Yo = wp€y u (cop) — (%,ahf}f — (1) Aenly ™ — Npnwyd’ €y ) u(erp) — e

Derivative with respect to R} .

1
I 4

| )

(1 — 785)Ey By = T,

t+1

Derivative with respect to 7.

e—1

1 1
BTt—l +I(1 - Té%)(At—l —Bi_1) = YeKi—1 + AtaKt—l‘

K

Derivative with respect to II;.

PN
B2y

0= puer(Ie — 1) + (e = 7e-1) (21 — 1) — (Te(1 = 786) By—1 — ﬁflrt—l)m‘
t

Derivative with respect to r;.

Z S nte ey = — Z St aden&nUc(cen, lin) — TiAi1.
heH heH

Derivative with respect to ;.

Derivative with respect to w;.

0=>Y Senyd WDenlen + M€ o (con))-
heM

Derivative with respect to B;.

Y K
e = PEg | pgg1 <1 — 54 ot (1 — 2 (Mg — 1)2>)]
K; 2
e—1 Y;
—afE | (1 — ) M1 (T — 1) + %H)[t;l]
¢
e—1 Y, K4
+ T/BEt ’7t+1Ct+;—(7t+1 +B]EtAt+1L
t

K RN K
+ B(1 — 155)E; [rm (H Lt 1-— fm)] )
t+1
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Derivative with respect to a;j;. For unconstrained truncated history h:

Y = BEL (1 + rig1) i ] + PE

Y,
pesn (= (1) + 1= 6+ a2 (1= 2Tl - 1)9))|
t

K
- T+ 90
+ BE; [Ftﬂ (T’t+1 - (1= TK)T£1)} + BE, lAt+1 H;
e—1 Y;
— afE, ((%H — )1 (g1 — 1) — - Y1 (Ce+1 — 1)) ;1
t
=K
AR ]
+ BE: A1 ( 28 ) ,
«
while for constrained ones, we have a;;, = —a and )\, ;, = 0. We take the difference with the FOC
on B and find:
. . Ky B
Y =B [ (L +7441) Z TiVirin | + BEe [Tipr(reer — (1 — TtH)(ﬂ —-1)). (122)
hey +
FOC with respect to [;;.
. wi &Y ALty
Vi = ——2 (1) + =220 (1 )
WtYh WtYh
M K 2
—(1— Y;(1——=(II; — 1
1= wely ! ( 2( =1 )
e—1
1— — v (I — 1) — -1 Y
+(1 = a) (=9I~ 1) - S (G - D) Y
L
- Wy
FOC with respect to T;.
> Sinthrn <0, (123)

heH

with equality if T3 > 0.

H.3 Steady-state

We drop the t subscript to denote steady-state variables. The optimality conditions imply

II=(=1and 0=y =T =7 = A, while equations characterizing the Ramsey allocation are:

i = wi&y " (ep) — (Ac,hfZ’E — (L4 r)Aen&i” — Al,hwtyéV§Z’1) u”(en) — p, (124)

12;1 =p(1+r s ~1ﬂ~, if A unconstrained, A\, = 0, otherwise, 125
rh¥h

n 1 0,0 v,1 Y

Yp = m(whﬁh v (lh) + Mgy 0" (1)) — p(l — Oé)ﬁ7 (126)
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0="> Su(v ( nan + Aepi Tl (cn ) > Shlnyn (% + A&t (W (en) /1) ) > Spibn, (127)

hey hey hey
1= B(1+ Fx). (128)
H.4 A closed-form formula for the weights ws

We use the same matrix notation as in Section D.5.

H.4.1 Notation

We start with the various &s. Using truncation:

>_n Shu(cn) > Sn (cn) >_n Snv(cn)
u(cp) u'(cp,) v(cp)

while as in Section D.5, we use Euler equation to determine £€“¥ and £ as:

,0 ,1 ,0
& = ;&= & =

e = [(I- B0 +rT") Dy T, (129)

9l =wyolog® ou(c). /v (1), (130)
where ./ denotes the element-wise division for vectors. We also introduce the following notation:
g = Jwy), 87 =0 (wy), =€,

as well as: \j:= S o\, Ae: =80\ ¢ := Sozﬁ, I:=8S0Il"0(1./8), &:= S ow. With this
notation, we have: So . :=II(So\.) = II\.. These definitions imply that (124)-(128) become:

=000 (c) - uS (131)
_ (5\0 o f“’E —(1+ T)HS\C o £U’E — wS\l oyolo éu’l) o u”(c),

Py = B( + ) PIIY, (132)
(I-P)X = (133)
% =m0 g”vo o'(1) + X o & (1) — pFLS /w (134)

a'p = ( ) A, (135)

T

(yol)" (yolo w u’(c)) X, (136)
1T¢ =0, (137)
B+ F) =1, (138)

which is a system in 4, @, Ae, Aj, ¢ — but (138), which actually characterizes the allocation.
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H.4.2 FOCs in matrix form
Equation (134) yields:
A = M@ + M1t + pVo,
with
M, = —Mng_v,Oo

U/(l)?
-1
Ml - Dév,lov,,(l)ﬂ
V() = FLMIS/w
Then, equation (131) implies:
% = Moo + M. + MoX — uS,
with:
M, = Dg“’oou’(c)’
Ml = —Dgu,Eou//(c)(I - (1 + T)H),
M2 - U)Dyoloéu,lou//(c).
So using (140) and (140), we obtain:
= M3+ MyX.+ puVi,

with:

My=1— MM, My=M;'M;,

Mg = MQ_I(MO —|—M2M0),
Vi=M;Y(MVy—8).
Then, using (132), (133), and (141), we get:

AC = MSGJ +,LLV2,

with:

Rs=—((I-P)+P(I-B(1+r)IMy) P - B(1+r)]II),

Ms = RsM3, Vo= R5V .
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We then use equation (135), which becomes with (141) and (142):
w=—Ljw,
with:

Cr=a"(Vi+M4Vsy)+ (£4F o/ (e) TIVy,
Ly = (&' (M3 + MyMs) + (£ ou/(c) 'TIM;) /C1.

We deduce that from (139), (141), and (142):

5\[ = Mﬁw,
Ae = (M5 — VoL,
% = M@,

with:

Meg= M3+ My(Ms— VL) — VL,
Mg = Mo+ M;Mg— VL.

The constraints (136) and (137) become:

Ls@ = L@ = 0, (143)
. T <u,l / T
with: Lass = (yol) MG—I—(yolog ou(c)) M,
Ly=1"Ms.

H.4.3 Constructing the Pareto weights

We assume that there are K distinct Pareto weights, w®, where K is the number of productivity
levels. Define M7 as the Ny, X K matrix of elements in {0, 1}. The element of row h in column

y is 1 if the current productivity of history h is y. We thus have:
w = DgM;w®.

We define the Pareto weights as the ones that are the closest to utilitarian weights, such

that constraints (143) hold. Formally, they are given as a solution of the following minimization

problem:

min [|w® — 1x||?,
w

s.t. L3D5M7ws = L4D5M7ws =0.
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Denoting by 2us and 2u4 the Lagrange multipliers on the two constraints, the FOCs imply:

4
w® =1k + Y m(LpDsMz)", (144)
=3

which once substituted in constraints (143) yield:

[ M3 ] _ M§1V8,

M4
LsDgM LsDgM ’
with: Mg = 38T 38T ,
L,DgM, L,DgM~
LsDgM 1k
Vi=— .
L,DgM~71k

Finally, from (144), we deduce the following expression for the Pareto weights:

.
LiDsM

w' =1+ Mg'Vg| 2757
L,DsM-,

I The simple model

I.1 The model without capital

We assume that there are two productivity levels yo > y; > 0 with an equal mass 1/2 of agents for
each productivity level. The transition matrix between productivity levels is denoted (7; ;);, j=1,2-
Agents supply one unit of labor, and efficient labor supply is normalized to 1 such that % =1.
Agents with the same current productivity level are assumed to belong to the same island where
they pool beginning-of-period wealth. The after-pooling wealth at date ¢ is denoted a;; for agents
on island 7 with productivity level i. In each island, a family head maximizes the intertemporal
welfare of all family members (that are identical because of wealth pooling). Denoting by a;; the

end-of-period wealth, we deduce:

ai = m1a1,¢ + 72102,

At = 1201t + T2202 ¢

Using a guess-and-verify strategy, we assume that type-1 agents are credit-constrained: aq; = —a
at all dates. We will later provide the conditions for this to be the case. As assets are in zero

net-supply, the end-of-period market clearing is: a1 + as; = 0. We deduce:

ajr = —agt = —a,

a1y = —ag; = —(m1 — m21)a.
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In the absence of capital (a« = 0) and because of the normalization of the labor supply, the

production sector is Y; = Z;, and we deduce from Section 2.3 the following expression for profits:

w K
O = (1 — Zﬁ -5 (0 — 1)2) ZyLy,

where we used ¢; = w;/Z;. The Phillips curve becomes:

e—1 wy Yit1

(Z — 1) + BE; {Htﬂ(ﬂtﬂ -1) Y, |

Ht(Ht — 1) =

The individual budget constraints on the two islands can be expressed as follows (i = 1,2):

N
t—1

11

a; +cip = a; +wy; + %Qt,

with ¥ = y¥ + y5. As the family head in each island cares equally about their island members,

the two Euler equations can be written as:

RN

u'(ere) > PR t : (i1t (cre41) + mou/ (cae41)) (145)
t+
N

R
u'(eze) = PR L (mort (e1041) + T2t/ (co,641)) -
t+1

The first Euler equation has to be a strict inequality for credit constraints to bind for type-1

agents. Using a utilitarian welfare function, the Ramsey program can be written as:

1 o0
max SEo ) B (ulerr) + ulear)),
(61,t702,t7wt7R£V,Ht)t202 g
Rﬁl vl wy K 2
=tlg A2t 2a,-1)2)z
C1t 1, a; —ap +wiyr + v ( 7 2( t ) > ts
Rt]\il Yy wy K 2
=il — 2 (-t o2 -1)2)Z
Cot 1, az — az + WYz + v ( 2 2( t ) > t
/ RZ{V / !/
u'(coy) = PE (mo1u/(c1,p41) + ma2u' (ca,641)) 5
t+1
e—1 Wt
(I, — 1) 2, = - (7 — 1) Z + PE | Ty1 (g1 — 1) Zyy1 |-
t

Denoting by A2 the Lagrange multiplier on the Euler equation of agents 2, and by 7; the
Lagrange multiplier on the Phillips curve, the Lagrangian associated to the Ramsey program is:
e—1  wy

——-1)Z 146
—u(G -0z (40)

L =Eo i B’ l(u(cl,t) +u(czr)) — (v = Ye-)IL (Il — 1) Zy +
i=0

Ri\il / Ri\il /
— [ A2t — oo -1 | w'(ct) — [0 — T A1 | u'(c1e) |,
Ht Ht
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with Ao 1 = 0. We denote by S‘I,t = M A2,—1 and 5\27t = mA2—1 the beginning-of-period
Lagrange multipliers in each state.
The FOC with respect to Il is:

ylll yZZ/ Rt]\il ~ ~ 3 / oY /
0= (wl,t + ¢2,t) k(I = 1) 2 + —5~ (wl,tal,t + oo + At (c1e) + Aopu (02,t))
v v I
+ (v = ye-1) (200 — 1) Z;. (147)
The FOC with respect to R} is:
0= 5EtH X <¢1,t+16~l1 + o pi1dn + M g1/ (Cres1) + 5\2,t+1ul(02,t+1)) . (148)
t+

The FOC with respect to w is:
yi Yy >
O = —_— —_—
<y1 W) P14 + <y2 7 Yot +

We deduce from equations (147) and (148) that the steady-state allocation implies IT = 1.

We can then compute the steady-state allocation and then deduce the steady-state values of

e—1
K

Vt-

Lagrange multipliers from previous equations. We also check that type-1 agents are indeed
credit-constrained in equilibrium, i.e., that inequality (145) holds. The model after a TFP shock

can then be simulated using a first-order perturbation of the model equations.

1.2 The model with capital and taxes

We consider the program with capital and taxes. The environment with capital but no tax is a
special case where taxes are set to 0. The production function is now Y; = Z; Kf*, as labor is still
normalized to L; = 1. Again, we guess-and-verify that agents 2 hold the capital stock, while
agents 1 are credit-constrained. The pooling mechanism on islands now concerns both nominal
and real assets.

The government finances a lump-sum transfer T} by raising a distorting capital tax, 7/<, which

. . . . RN
can be time-varying. The post-tax gross real return on nominal bonds is 1 + (1 — 7)( ﬁ;l - 1),

while the post-tax gross real return on capital is 1 + (1 — 7/)# where, as in Section 2, 7

stands for the before-tax real interest rate on capital. The governmental budget constraint is:

RN
T, = TtK (FtKKt_1 + < ]E[ 1 _ 1) (a1 + dz)) , (149)
t

where a; + as = 0, because nominal assets are in zero net-supply. The real wage is denoted

w¢. The two budget constraints and the nominal and real Euler equations can be expressed as
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follows:

RN B v
—ate =1+ 07T - D)ar+ (1 + (1= )7 ) Ky + i + %Qw%
¢
7 — _ K R{E\il - ~ L K\zK\ P ~ %
a+Kt+027t— (1—‘r(1 Ty )( I 1))a2+(1—|—(1 Ty )Tt )KQ’t+wty2+ wQ—i—Tt,
t
/ K RI{V / /
u (C2,t) = mEt(l + (1 - Tt+1)(71—[t+1 - 1)) (7721U (01,t+1) + mo2u (02,t+1)) ;

W(cq) = BE(1+ (1 — 751)7f) (ma1t/ (c141) + maot (c2,041))

with the pooling expressions: IN(l,t = o1 Ky_1 and I~(27t = w99 K;_1. The Phillips curve is still given
by (7). We denote by Ai 2 the Lagrange multiplier on the Euler equation for capital, and by Ap 2
the Lagrange multiplier on the Euler equation for the nominal asset. The beginning-of-period
values of Lagrange multipliers on capital are S\M,t = M Ak24, for i =1,2.

The Lagrange multiplier on the definition of ¢ is 13, and the one on the governmental budget

constraint (149) is u;. The Lagrangian associated to the planner’s program is now:

£L=Eo 38 [uters) +ulea)
t=0

- - RN
+ Mo (T+ (1= 7N (1) + Moa (1 + (1= 75 (2L — 1) (e14)

~ i . RN
— (k2 = Ae2 (14 (1= 7)) (o) — Moz — Aoz (1+ (1= 7/ (=5 — 1)/ (ca)

e—1

~Eo) B {(% — Y- (Il = 1) — (T 1)} Zi K
i=0

o 1 ~ 3 o0 B
+ Eo ZﬁtTt [Ct - 7(73{( + 5)Ktlla:| +Eo Zﬂtﬂt {TtKTtKKt—l - Tt} .
t=0 aZt t=0
The first-order conditions associated to the Ramsey program can now be easily derived.

Derivative with respect to R} .

1-7K - - 5 X
0=E—F—— L [(¢t1+1a1 + ¢t2+1a2) + A2, (C2041) + Ab,l,mu/(cwﬂ)} :
t+1

Derivative with respect to 7.

0 =(1,e K10 + 2, Ko g + Myt (1) + A5 (c24)) (1 = 75) (rf +6)

e—1
+ ( 7t~ Mf) aGZ K — (1 — )G+ (rf + 8) ™ K.
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Derivative with respect to .

e—1
K

0= (Y11t + y1tha,) s + ( Vi — (%wu + gi;%,t)) (1—-a)GZ K+ (1 — a)¢Tq.

Derivative with respect to II;.

RN 3 PR <
0=(1- TtK)ﬁigl (¢1,ta1 + 2,4@% + Np1 40 (C14) + )\b,2,tu/<c2,t)>
t

v v
+ (v —y—1) (2 — 1) Z: K7 | + (?i;%,t + y;¢2,t> (Il — 1) Z, K} .

Derivative with respect to 7.
pr = P1e+ Yo

Derivative with respect to K;.

Yo = BE(L+ (1 — 75 )rfh ) (ma2t2, 1 + T2191,041)

e—1 _
— aBE; | (v1 — v) e (gyn — 1) — - Yor1 (G = 1) | Zepn K977
Yl Yy K 2 a—1
+ afEy ad’l,ﬂrl + Ew2,t+1 (1 =Gy — §(Ht+1 — 1)) Zi11 K
l—a  _ _ N
— BEY i1 —— (g +O) Ky “ + ﬁEt/LtJrth{(Hrgl'
aZipq

The steady state corresponds to Il =1, T = 75 =0, and 1 + % = RY. We can then compute
the steady-state allocation, as well as the steady-state values of Lagrange multipliers. The model

dynamics can then be simulated using perturbation methods.

J Monetary shocks and inequality

In this section, we solve the model to study the effect of a 1% contractionary monetary shock on
the dynamics of inequality using a standard Taylor rule. As shown in Section 4, the dynamics of
inflation are sensitive to the choice of the fiscal rule. Then, to abstract from the effect of fiscal
policy, we assume that there is no public spending need (G = 0), hence zero tax. The rest of the
calibration follows Section F. Firms’ profits are distributed to households and we set v = 10 as in
Section G. Because firms profits are null at steady-state, the steady state is the same as in Section
F. We check that the dynamics of inequality are in line with the empirical evidence of Coibion

et al. (2017). The nominal gross and pre-tax interest rate RiN is set according to the following

RN P Tayl : Tayl Tayl Taylor .
RSV = (%) tay o where: (i) log( 1tauyor) _ pTaylor log( tf}{or) te aylor

a persistent monetary policy shock with pT®°r = 0.5; (ii) RYN and II are steady-state values,

simple Taylor rule:
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and (iii) the response of the nominal interest rate to inflation is equal to ¢ = 1.5. These are
standard values in this literature (see Gali, 2015).

We report in Figure 7 the IRFs for the innovation to the Taylor rule, the rate of inflation,
and output. The responses of aggregate quantities to this contractionary monetary policy shock
are consistent with empirical evidence and the rest of the literature (Kaplan et al., 2018 among
others). The real interest rate falls, depressing consumption and investment and causing inflation

and output to fall.
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Figure 7: IRFs after a contractionary shock, in percentage deviation for all variables.

We also report in Figure 8 the responses of the Gini coefficients for income, consumption,
and wealth corresponding to the same shock as in Figure 7. In line with the literature (see
Gornemann et al., 2016 and Coibion et al., 2017), contractionary monetary policy increases these

Gini coefficients and hence inequality.
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Figure 8: Gini coefficients of income, consumption, and wealth after the contractionary monetary
shock of Figure 7. An increase by 1 indicates an increase of the coefficient by 0.1 pp.
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